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Introduction 


It became clear through the years that the fundamental real variable ideas behind the theory of maximal 
operators of Hardy-Littlewood type and of certain singular integral operators, which we shall refer to 
as classical Calderon-Zygmund theory, depend only on a few properties of the Euclidean space and the 
Lebesgue measure. After a lot of research activity, spaces of homogeneous type (in the sense of Coifman 
and Weiss) emerged as a reasonably general setting where the main ideas and some of the results of the 
classical theory could be, and indeed were, carried over (see [HiHl and the references therein). 

Disregarding technicalities, a space of homogeneous type is a measured metric space (M, /r, p) in which 
balls satisfy the so-called doubling property, i.e., there exists a constant C such that 

fj,[B{x,2r)) < C Vx G M Vr G R'*'. 

This property is key in establishing Vitali type covering lemmata and the Calderon-Zygmund decompo¬ 
sition of integrable functions, which are fundamental steps to proving weak type 1 estimates for some 
important operators, including maximal operators of Hardy-Littlewood type and singular integral oper¬ 
ators. 

A natural, but challenging problem, is whether a reasonable Calderon-Zygmund theory, with empha¬ 
sis on weak type 1 estimates for maximal and singular integral operators, may be developed on measured 
metric spaces without the doubling property. Recall that in the classical setting, singular integral opera¬ 
tors arise, for instance, as inverse Fourier transforms of Fourier multipliers satisfying Mihlin-Hormander 
condition. Since no Fourier transform is available on a generic measured metric space, it is part of the 
problem to envisage an interesting class of singular integral operators to investigate. Often, albeit not 
always, such operators arise as kernels of spectral multipliers of some Laplacian. 

Despite the efforts of many mathematicians, only a few examples have been thoroughly investigated 
and understood so far. These include rank one symmetric spaces, where singular integral operators are 
related to spectral multipliers of the Laplace-Beltrami operator umiiiHiiiiiiiTiiiiiiiiiiniiiiiiMiiii 
1331 SB], and the space (R'^,/i, p), where p denotes the Euclidean distance and p a possibly nondoubling 
measure of polynomial growth, in which case singular integral operators are associated to the Cauchy 
integral [46l [52l [53l [54] . It is worth noticing that the new ideas and techniques employed in these situations 
are quite different from each other. 

Recently, Hebisch and Steger m realised that a Calderon-Zygmund theory of singular integrals 
may be developed also on some groups of exponential growth, i.e., on solvable groups coming from the 
Iwasawa decomposition of the groups iS'0((i-|-1,1). As an application, they proved weak type 1 estimates 
for spectral operators of a distinguished Laplacian A on S' associated to spectral multipliers satisfying 
Mihlin-Hormander type conditions (see the discussion below). 
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This thesis is concerned with real analysis on a class of noncompact solvable Lie groups known as 
harmonic extensions of groups of Heisenberg type, and their direct products, which is much bigger than 
the class of groups studied by Hebisch and Steger. 

Harmonic extensions of Heisenberg type groups, which have been introduced by E. Damek and F. Ricci 
[251 [231123HD and studied by M. Cowling, A. H. Dooley, A. Koranyi and Ricci [UllTS], are semidirect 
products of an Heisenberg type group, briefly an iJ-type group, N, and the multiplicative group K.'*', 
which acts on N by dilations with eigenvalues 1/2 and (possibly) 1. Specifically, given an H-type algebra 
n = 0 © 3 , let denote the connected and simply connected Lie group associated to n. Let S denote the 
one-dimensional extension of N obtained by making A = K+ act on N by homogeneous dilations. Let H 
denote a vector in a acting on n with eigenvalues 1/2 and (possibly) 1 ; we extend the inner product on 
n to the algebra s = n © a, by requiring n and a to be orthogonal and H to be unitary. 

We denote by d the left invariant distance on S associated to the Riemannian metric on S which 
agrees with the inner product on s at the identity. The Riemannian manifold (5, d) is usually referred to 
as Damek-Ricci space. Damek-Ricci spaces are harmonic manifolds and include the class of symmetric 
spaces of noncompact type and real rank one properly. Those which are not symmetric provide coun¬ 
terexamples to the Lichnerowicz conjecture [23]. Harmonic analysis on these spaces has been the object 
of many investigations [U [T] |2S1 HZl SI] • 

Note that S is nonunimodular. Let A and p denote the left and right Haar measures on S respectively. 
Then 


\{Br) = p{Br) 


^Qr 


Vr G (0,1) 

Q'-i' Vr € [ 1 , oo), 

where B^ denotes the ball with centre the identity and radius r, n is the dimension of S and Q is a 
constant determined by the structure of the algebra s. Thus S' is a group of exponential growth: hence 
both A and p are nondoubling measures, which, in view of the discussion above, makes (S, A, d) and 
(S, p, d) interesting settings where to investigate maximal and singular integral operators. We shall now 
describe some important operator on S and explain why it is natural to study some of them with respect 
to A and some other with respect to p. 

Given a vector E in the Lie algebra s we denote by E and E the right invariant and the left invariant 
vector fields which agree with E at the identity. Now, let Eq, En-i denote an orthonormal basis of 
the algebra s adapted to the (orthogonal) decomposition s = 0 © 3 © R. The following operators on S 
have been the object of investigation: 


(i) the Laplace-Beltrami operator C associated to the Riemannian metric d: £ is selfadjoint on £^(A) 
and its spectrum is the half line [Q^/4, 00 ); 

(ii) the right invariant operator A,. = A. Hulanicki [ID] proved that the operator A,, 

defined on C'^{S) is essentially selfadjoint on £^(A) and its spectrum is [ 0 , 00 ); 

(iii) the left invariant operator A^ = ■ The operator A^ defined on C^(S) is essentially 

selfadjoint on L^(p) and its spectrum is [ 0 ,oo). 


It may be worth observing that all these operators are, so to speak, relatives. Indeed, let V denote the 
element 

n—1 
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of the enveloping algebra of S. We denote by iri and tt^. the left and the right regular representations of 
S on L‘^{X), and consider the operators Tre(V) and TTr{V). Let Cq denote the shifted operator £ — Q'^jA. 
It is straightforward to check that ■n^{V) = A^., and that 7rr(V) = Cq. 

Considerable effort has been produced to study the so-called functional calculus for either operators 
£, and A^. To illustrate the results in the literature concerning these operators, we need some 
more notation and terminology. Let (A, /r) be a measure space and A a linear, nonnegative, (possibly 
unbounded) selfadjoint operator on £^(^). Let {i?(A)} denote the spectral resolution of the identity for 
which A = A dE(A). By the spectral theorem, if M is a bounded Borel measurable function on [0, oo), 
then the operator M (A) defined by 


M{A) = 



M{\) d£(A) 


is bounded on An interesting and intensely investigated problem is to find sufficient conditions on 

M such that the operator M{A) extends either to bounded operator on LP{iT), for some p different from 
2, or satisfies a weak type 1 estimate, i.e., 


p{{xeX: \MiA)f{x)\>t})<cMl^ 


vt>o yfeL\p). 


If M(A) extends to a bounded operator on £*’(/i), we say that M is an spectral multiplier of A. 

We say that a complex valued function M on [0, oo) satisfies a Mihlin-Hormander condition of order 
a if 

sup I A-’ M{X)\ < C for j = 0,..., a . 

A>0 

An operator A is said to admit an Mihlin-Hormander type functional calculus if every function which 
satisfies a Mihlin-Hormander condition of suitable order is a L^’-multiplier for A. 

By contrast, we say that an operator A admits an holomorphic functional calculus if every L^- 
multiplier of A extends to an holomorphic function on some neighbourhood of its spectrum. 

Going back to operators on S, we observe preliminarly that {Eif^Y = Eif for every smooth function 
/, where f^{x) = f{x~Y- Thus 

= A./. 


Since V is an isometry between LP{p) and £^(A), a function M is a LP{p) multiplier for Ai if and only 
if it is a LP{X) multiplier for A^. Thus the multiplier problems for Af on LP(p) and of A^. on £^(A) 
are equivalent. It is a matter of taste which Laplacian to choose: Hebisch and Steger worked with A^, 
whereas we shall work with A^, which we shall denote simply by A in Chapter 1-4. 

An interesting and perhaps surprising fact is that if p 2, then £ possesses a holomorphic 
functional calculus, whereas A^ admits a functional calculus of Mihlin-Hormander type. The result 
for £ was obtained by F. Astengo [8], who extended to Damek-Ricci spaces classical results of various 
authors on symmetric spaces of the noncompact type [iiiin]. Astengo’s result has recently been improved 
by A. lonescu [321 US] in the case where S is symmetric. 

Results concerning A^, equivalently A^, are much more recent. On NA groups coming from the 
Iwasawa decomposition of a noncompact semisimple Lie group with finite centre and arbitrary rank 
Cowling, S. Giulini, Hulanicki and G. Mauceri m proved that the Laplacian A^ admits a nonholomorphic 
LP{X) functional calculus. Specifically, they showed that if a function M satisfies a Mihlin-Hormander 
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condition of suitable order at infinity and belongs locally to a suitable Sobolev space, then M{Ar) is of 
weak type 1 and it is bounded on LP{X) for 1 < p < oo. Note that, because of the assumption on M near 
0, this is not a true Mihlin-Hormander type condition. An important consequence of this fact is that 
the kernel of M{Ar) is integrable at infinity, while locally it behaves like a Calderon-Zygmund singular 
kernel. 

F. Astengo [8] extended the result of El to all Damek-Ricci spaces. 

Subsequently, Hebisch and Steger m sharpened the results in [5] in the case of solvable groups 
coming from the Iwasawa decomposition of the groups SO{d + 1,1). Since their work will be key for us, 
we describe some of their results in some detail. Their main contribution is that they realised that a 
Calderon-Zygmund theory of singular integrals may be developed also on certain measured metric spaces 
of exponential growth. A measured metric space (X, /i, d) is said to be a Calderon-Zygmund space, with 
Calderon-Zygmund constant kq, provided that there exists a family TZ of open subsets of X, which we 
call Calderon-Zygmund sets, satisfying the following property: for each R in TZ there exists a positive 
number r such that R is contained in a ball B of radius at most kq r and < kq i where R* 

is a dilated of R defined by R* = {x £ X : d{x,R) < r}. Furthermore, each integrable function / may 
be decomposed as p + where the “good” function g is bounded, and each “bad” function bi has 

vanishing integral and is supported in a set Ri in TZ. 

Suppose now that T is an operator on a Calderon-Zygmund space (X,/i, d), which is bounded on 
L^(/i) and admits a locally integrable kernel K off the diagonal that satisfies the following Hormander 
type condition (see [33] for the Euclidean case) 

sup sup / \K{x,y) — K{x,z)\(i^{x) < <X), (1) 

R v,z^rJ{R»Y 

where the supremum is taken over all Calderon-Zygmund sets R in TZ. Then T extends to a bounded 
operator on for 1 < p < 2, and is of weak type 1. 

Hebisch and Steger m proved that solvable groups coming from the Iwasawa decomposition of the 
groups SO{d + 1,1) are Calderon-Zygmund spaces. As an application, they showed that if M satisfies a 
Mihlin-Hormander type condition of suitable order, then M{Ar) satisfies a weak type 1 estimate and is 
bounded on T^(A) for all p in (l,oo). The kernel of M{Ar) is, unlike in [17] and [8], no longer integrable 
at infinity, and the full strength of the aforementioned result is required to control this singularity. 

Recently, the multiplier result of m has been re-obtained by D. Muller and C. Thiele m via a 
different method which hinges on estimates of the wave propagator. The author, in collaboration with 
Muller, has obtained similar estimates for all Damek-Ricci spaces, thereby extending the results of [35]. 
This result is not included in this thesis, and will appear elsewhere. 

The main results of this thesis are the following: 

(i) all Damek-Ricci spaces are Calderon-Zygmund spaces (see Thm 13.151) : 

(ii) maximal operators of Hardy-Littlewood type associated to various families of sets on Damek-Ricci 
spaces satisfy weak type 1 estimates (see Thm na); 

(iii) an analogue of the multiplier result of Hebisch and Steger for all Damek-Ricci spaces and to their 
direct products holds (see Thm 14.3] and Thm 14.151) : 
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(iv) we introduce an atomic Hardy space on Calderon-Zygmund spaces, identify its topological dual 
with a suitable space of bounded mean oscillation, and complement Hebisch and Steger’s result 
concerning singular integral operators by showing that under condition ([1]) above the operator T 
extends to a bounded operator from to (see Thm 13.101) . 

We shall now briefly discuss the results (i)-(iv). 

To prove Theorem l3.18l we need to envisage on each Damek-Ricci space S a family of sets TZ, referred 
to as family of Calderon-Zygmund sets, that satisfy the requirements of Definition 13.11 Hebisch and 
Steger m defined an appropriate family of sets, referred to as family of admissible sets, on solvable 
groups coming from the Iwasawa decomposition of the groups SO{d + 1,1): it consists of “rectangles” of 
the form Qxl, where Q is a dyadic cube of and / is an interval in R+, satisfying a certain admissibility 
condition, which relates their sizes. 

It is tempting to extend this definition of admissible sets to all Damek-Ricci spaces by strict analogy. 
Unfortunately, this does not work: indeed, roughly speaking, the right measure of a “small rectangle” R 
and its dilated set R* are not comparable, while they are comparable for a “big rectangle” (see Section 
13.21 for details). Thus we consider the family TZ of admissible sets consisting of “rectangles” of the form 
Qxl much as before, but of big size and geodesic balls of small radius. The proof that this family makes 
(S', p, d) a Calderon-Zygmund space is quite involved and technically difficult and occupies Section 13.21 

It is interesting to observe that the family of admissible sets of Hebisch and Steger made its appearance 
in the literature in a paper of S. Giulini and P. Sjogren [3^, where they proved a weak type 1 estimate 
for the associated maximal operator of Hardy-Littlewood type on the affine group of the real line. It 
is therefore natural to investigate whether a similar estimate holds for the maximal operator of Hardy- 
Littlewood type associated to the family TZ of admissible sets we have defined on a generic Damek-Ricci 
space. 

To be specific, for each a; in S' let TZ{x) denote the subcollection of TZ of all sets in TZ which contain 
X. We consider the left invariant Hardy-Littlewood type maximal operator M^, whose action on / in 

Llocip) is 

M'^f{x)= sup f I/I dp VxeS. 

Ren(a:) PW Jr 

It may we worth remarking that the maximal operator appears in the Calderon-Zygmund decom¬ 
position of integrable functions on S. We shall prove (see Theorem 12.81 below 1 that is of weak type 
1, and that a similar estimate holds for a maximal operator associated to a family related to TZ. It is 
remarkable that the proof of the weak type 1 inequality is standard, but it is based on a nonstandard 
and perhaps surprising covering lemma of Vital! type (Lemma 12.71 below). 

Next we discuss briefly the results in (iii). Let tjj he a function in C'“(R+), supported in [1/4,4], such 
that = 1 for all A S R+. We define ||M||o,so and ||ikf ||oo,soo thus: 

\\M\\o,s = sup||M(b) V'(-)lli?'»(R) ’ 

t<i 

\\M\\^^s = sup||M(b)7/(-)||^.(R) , 
t>i 

where iL®(R) denotes the L^-Sobolev space of order s on R. We say that a bounded Borel measurable 
function M defined on R+ satisfies a mixed Mihlin-Hormander condition of order (sq, Soo) if ||-^||o,so < oo 
and ||M||oo.s, 


< oo. 
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Our multiplier theorem for the Laplacian Ag is the following. 

Theorem 1. Suppose that sq > 3/2 and Soo > max{3/2, n/2}, where n denotes the dimension of S. 
If M is a bounded Borel measurable function on K’*' that satisfies a mixed Mihlin-Hormander eondition 
of order {sq,Soo), then M{A() is of weak type 1 and bounded on LP{p), for all p in (l,oo). 

The proof of Theorem 1 follows the same line as that of [SIl Thm 2.4]. Since {S,p,d) is a Calderon- 
Zygmund space, as we have shown in Theorem 13.181 we may apply the basic result of Hebisch and Steger 
concerning singular integral operators on Calderon-Zygmund spaces. Thus, we are led to prove that o 
holds with the kernel of M{A() in place of K. This may be further reduced to showing that 

vte]R+, 

where ht denotes the heat kernel associated to A^. This estimate was obtained by Hebisch and Steger by 
a descent method, which reduces the estimate to the case where n is odd, and the formulae for the inverse 
spherical transform easier. The descent method seems to be unapplicable in our generality. Therefore, we 
have to prove the gradient estimate above by finding poitwise estimates for the inverse spherical Fourier 
transform of the heat kernel ht, and then estimating its gradient. This is hard, at least in the case where 
the dimension of the centre 3 of the algebra n is odd, and requires fine estimates of some integrals. 

An interesting and possibly very hard question which arises naturally is the following: to what extent 
the theory developed on Damek-Ricci spaces may be generalised to AN groups coming from the Iwasawa 
decomposition of a noncompact semisimple Lie group of arbitrary rank. As a first attempt to grasp the 
problem, we consider the simplest possible model case, i.e., the product of two Damek-Ricci spaces, and 
show that an analogue of Theorem 1 holds. Computations on the group of upper triangular matrices in 
S'L(3,]R) are at a preliminary stage, and we cannot say whetherthey will give the desired extension. 

Finally we comment briefly on (iv). A classical method to obtain sharp boundedness results for 
multipliers is to prove endpoint results which involve the Hardy space or the space BMO of bounded 
mean oscillation [umiiin]. For a spectacular application of this method, see, for instance, m, where 
sharp estimates for the regularity of solutions to the wave equation is obtained. It is natural to ask 
whether it is possible to develop an H^-BMO theory on Damek-Ricci spaces. 

Our results in this direction are of preliminary nature. For each q in (1, 00 ) we define, on a Calderon- 
Zygmund space satisfying an additional condition of technical nature, an atomic Hardy space 
Atoms are functions supported on admissible sets, with vanishing integral and satisfying a certain size 
condition. We also define a space of functions of bounded mean oscillation BMOp, 1 < p < 00 , and 
prove that the topological dual of H^'‘> is isomorphic to BMOq', where q' denotes the index conjugate to 
q (see Theorem 13.91 belowl. Further, we show that a singular integral operator, whose kernel K satisfies 
o, extends to a bounded operator from to L^{p) for all q in (1,2) (see Theorem 13.101 belowl. 

An important feature of the classical theory is that all the spaces q in (l,oo), are equivalent. 

Furthermore, they are equivalent to the space H^'°°, which is defined in terms of (1, oo)-atoms. A similar 
comment applies to BMOp spaces. We extend this result to the case where S is associated to solvable 
groups coming from the Iwasawa decomposition of the groups SO{d + 1,1). The proof is quite involved 
and there seems no easy way to extend it to all Damek-Ricci spaces (see Lemma 13.241 below). As a 
consequence of this result, we show that spectral multipliers for Ag extend to bounded operators from 

to L^{p) and from L°°{p) to BMO. 
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The major drawback of the aforementioned results is that it is not clear how to prove that the 
intermediate space between and is L^, with p in (1, 2), and thus obtain results by interpolation 
between H^-L^ and results. This seems to be a difficult problem, which will be the object of further 
research. 


The thesis consists of four chapters. 

In Chapter 1 we introduce Heisenberg type groups and their harmonic extensions, and we recall the 
basic spherical analysis on these spaces. Then we introduce products of Damek-Ricci spaces and recall 
spherical analysis results on these product spaces. 

In Chapter 2 we study some left invariant Hardy-Littlewood type maximal operators on Damek-Ricci 
spaces and on products of Damek-Ricci spaces, focusing our attention on their weak type 1 boundedness. 

In Chapter 3 we recall the general Calderon-Zygmund theory of Hebisch and Steger and develop a H^- 
BMO theory on Calderon-Zygmund spaces, proving a result which concerns the boundedness of sigular 
integral operators from to L^. Then we show that Damek-Ricci spaces and products of Damek-Ricci 
spaces are Calderon-Zygmund spaces. 

In Chapter 4 we study spectral multipliers for the left invariant Laplacian Ai and prove Theorem 1. 
Then we generalize the multiplier theorem to products of Damek-Ricci spaces. 
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Chapter 1 


Notation 


and preliminary results 


In this chapter we recall the definition of H-type algebras: they are two-step nilpotent Lie algebras endowed with a suitable 
inner product. Then we introduce H-type groups, which are Lie groups whose Lie algebra is of H-type, and study their 
properties. In Section ll.2l we define the harmonic extension of an H-type group and discuss some geometrical properties 
of this space. Then in Section ll.SI we summarize the basic spherical harmonic analysis on harmonic extensions of H-type 
groups: we recall the notions of spherical Fourier transform, spherical functions and Abel transform. 

Finally in Section ri.4l we introduce direct products of harmonic extensions of H-type groups and recall the basic spherical 
analysis on these product spaces. 

For the details see [l[Zl[9l[Ill[l5l[22l[23l|2l|25l|26l[271|ll]. 


1.1 H-type algebras 

Let n be a Lie algebra equipped with an inner product (•, •) and denote by | • | the associated norm. Let 
0 and 3 be complementary orthogonal subspaces of n such that [n, 3 ] = {0} and [n, n] C 3 . In particular n 
is two-step nilpotent, unless 0 or 3 is trivial, when n is abelian. Unless explicitly stated, we assume that 
n is nonabelian. 

We define the map J : 3 —?> End{o) by 

{JzX, Y) = {z, [X, u]) vx, y e 0 vz e 3 . 


Definition 1.1 The algebra n is said to be of Heisenberg type, briefly, an H-type algebra, if the map J 
satisfies one of the following equivalent conditions: 

(i) \ JzX\ = |Z||X| for all X in P and Z in 

(ii) Jz =—\Z\'^ Idx, for all Z in 

(Hi) {JzX, Jz'X') + {JzX', Jz'X) = 2 {X, X') {Z, Z') for all X, X' in 0 and Z, Z' in 3 ; 

(iv) JzJz' + Jz'Jz = — 2(Z, Z') Id„ for all Z, Z' in i. 

The eonneeted and simply connected Lie group N associated to n is called an H-type group. 
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CHAPTER 1. NOTATION AND PRELIMINARY RESULTS 


We now give examples of iJ-type algebras. 


Example 1.2 Let F denote one of the fields R, C or HU and consider on F the inner product {z^z') = 
Re(z z') for all z, z' € F. We define n = F^ x F^ x F endowed with the inner product 


((x, y, z), (a;', y', z')) = y](a;*, a;') + ?/') + {z, z') 


2=1 


2=1 


and the bracket 


k 


[(a;, y, z), {x , y', z')] = '^{xi y\ - 
2=1 

for all (a:, y, z), (a:', ?/', z') G n. We have that o = F^ x F^ and 3 
that [n, 3 ] = {0} and [n,n] C 3 . The map J is defined by 


Vi), 

= F are two orthogonal subspaces such 


Jz{{x,y)) = {-zy,zx) V(a;,y) G F'" x F'^ zGF. 

Thus |J 2 (a;,y)| = |z| |(a;,y)| forall {x,y) in F^ x F^ and z in F. Then n is an iL-type algebra. 


Example 1.3 (see [131 [H]) Let g be a noncompact, semisimple Lie algebra of real rank one. Let B be 
the Killing form defined by 


B(X,r) =tr(adXoady) VX, F G g , 

and let 0 be a Cartan involution of g. We denote by t and p the eigenspaces corresponding to the 
eigenvalues +1 and —1, i.e. 

I = {X € Q: ex = X} p = {X € Q: ex = -X} . 

Let a be a maximal abelian subalgebra of p. Since g has rank one, a is one-dimensional; let iL be a vector 
which spans a. For each linear form a G a*, we define 

ga = {^ G g : &AH{X) = [H, X] = a{H)X} . 

If Pa ^ 0, a is called a root of g; a is called positive if a{H) > 0. There are at most two positive roots a 
and 2a and the Lie algebra g has the following decomposition: 

g = g-2a © g-a © go © Sc © g2a ■ 

Let n denote the subalgebra gc, © g 2 a of g. Since [ga,g^] © Qa+p for any roots a and /3, n is a nilpotent 
Lie algebra. The following decomposition of g, which is called Iwasawa decomposition, holds: 

g = n © a © K 

We define an inner product in n as 

(X, Y) = -- B{X, eY) VX, F G n, 

rUa + 4m2a 

where nia and m 2 a denote the dimension of g^ and g 2 a respectively. The map J is given by JzX = [F, eX] 
and 


\JzX\ = \Z\\X\ VFGg2a VXGga. 
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Then n is an algebra of Heisenberg type. Moreover one can show that n satisfies an additional condition, 
known as “ condition”, which is defined below: for all X in 0 and all orthogonal Z, Z' in 3 there exists 
Z” in 3 such that JzJz'X = Jz"X. 

The classification of iJ-type algebras satisfying the condition is described in M- Cowling, Dooley, 
Koranyi and Ricci showed that an H-type algebra satisfies the condition if and only if it appears in 
the Iwasawa decomposition of a noncompact semisimple Lie algebra of real rank one. 


Let N be an 7J-type group. We identify N with its Lie algebra n via the exponential map 

0 X 3 —>• TV 

{X, Z) ^ exp(X + Z). 


The product law in N is 

{X,Z){X',Z')={XPX',Z + Z'P{1/2)[X,X']) VX, X'go VZ, Z'G 3 . 

The group X is a two-step nilpotent, hence unimodular, group with Haar measure dX dZ. We define 
the following dilations on N: 

Sa{X,Z) = X,aZ) 'i{X,Z)€N Va G M+ . 


Set Q = (rut, + 2m^)/2, where mt, and denote the dimensions of D and 3 respectively. For each 
measurable subset E oi N we have that \6aE\ = \E\, for all a in R+. The group N is an homogeneous 

group with homogeneous norm 


AfiX, Z) 




V(X, Z) G TV. 


Note that M{5a{X, Z)') = a}/'^Af{X,Z). We denote by (In the homogeneous distance on TV which is 
defined by 

dw((Xo,Zo),(X,Z)) =A7((Xo,Zo)-i(X,Z)) V(Xo,Zo), (X,Z)gTV. 


Given (Xq, Zq) in X and r > 0, the homogeneous ball centred at (Xq, Zq) of radius r is 


H^((Xo,Zo),r) ={(X,Z)gX: d^((Xo, Zq), (X, Z)) < r} . 

Obviously, HAr((Xo, Zq), r) = (5r2i?Ar((Xo, Zq), l) and its measure is r^^\BN{0NA)\- 

It is useful to emphasize the relation between the homogeneous norm Af and the norm | • | induced by 
the inner product on N. 


Proposition 1.4 There exist constants ci and C 2 such that if (X, Z) G N and A/"(X, Z) = r, then 
(i) \X\<C 2 r and |Z|<C 2 r^; 

(a) either |X|>Cir or |Z|>cir^. 
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Proof. Let {X, Z) be in N such that Af{X, Z) = r. Obviously {X, Z) = 6^2 {Xo,Zo) = (r Xq, Zq), for 
some (Xo,Zo) such that J\f{Xo,Zo) = 1. Since in homogeneous groups the closed ball ((0,0), l) is 
compact [an Lemma 1.4], there exist constants ci and C 2 such that 


|Xo| < C 2 and \Zo\ < C 2 ; 

either |Xo| > ci or \Zo\>ci. 

It follows that the norms of X and Z satisfy properties (i) and (ii): 

|X| = r|Xo| < C 2 r and |2'| = r^|Zo| < C 2 

either |X| = r|Xo| > ci r or jZj = r^|^o| > ci , 


as required. 


Next we recall an integration formula in polar coordinates on N [an Proposition 1.15]. 

Proposition 1.5 There exists a Radon measure a on T, = {(X',Z') € N : J\f{X',Z') = 1} such that 
for all f in L^{N) 

[ f{X,Z)dXdZ= r [ f{5riX', Z'))rQ-UaiX',Z') dr. 

Jn Jo Jt. 


1.2 Harmonic extensions of i7-type groups 

Let n be an il-type algebra and let a be a 1-dimensional Lie algebra with an inner product, spanned by 
the unit vector H. We denote by s the Lie algebra n© o where the Lie bracket is determined by linearity 
and the requirement that 

[H, = VX G 0 

[H,Z] = Z VZ G 3 . 

We extend the inner products on n and a to s by requiring that n and a be orthogonal. The algebra s is 
a solvable Lie algebra. Let N, A and S be the connected and simply connected groups which correspond 
to n, 0 and s. We say that S is the harmonic extension of the H-type group N. It is also called a 
Damek-Ricci space. The map 


D X 3 X 1R+ — >• S 

(X, Z, a) !->■ exp(X + Z) exp(log a H) 
gives global coordinates on S. The product in S is given by the rule 


(X, Z, a)(X', Z', a') = (X + a^/^X', Z + a Z' + 1/2 a}/"^ [X, X'], a a') 

for all (X, Z, a), (X',Z',a') G S. Let e = (0,0,1) be the identity of the group S. We shall denote by 
n = mo + ruj + 1 the dimension of S. The group S is nonunimodular: the right and left Haar measures 
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on S are given by dp{X, Z, a) = a~^ dX dZ da and dA(X, Z, a) = da respectively. Then 

the modular function is 5{X, Z,a) = a~^. We denote by LP(p), 1 < p < oo, the space of all measurable 
functions / such that Jg |/|^dp < oo and by L^’°°{p) the Lorentz space of all measurable functions / 
such that 

sup f p({a; G S': |/(a:)| > t}) < oo . 
t>o 

We equip S with the left invariant Riemannian metric which agrees with the inner product on s at the 
identity e. Let d denote the distance induced by this Riemannian structure. It is well known [U formula 
(2.18)] that 


cosh 


d{{X, Z, a),e) 




( 1 , 1 ) 


for all {X,Z,a) G S. We denote by R((Xo, Zq, ao), r) the ball in S centred at {Xq, Zo,ao) of radius r. 
In particular let denote the ball of centre e and radius r. Note that [H formula (1.18)] there exist 
positive constants 71 , 72 such that for all r in ( 0 , 1 ) 


7i < p{Br) < 72 r-” , 


( 1 . 2 ) 


and for all r in [ 1 , 00 ) 

71 e'^’' < p{Br) < 72 . 


(1.3) 


This shows that S, equipped with the right Haar measure p, is a group of exponential growth. 
From CH) we can easily deduce various properties of balls in S. 

Proposition 1.6 The following hold: 

(i) there exists a constant C 3 such that 

B{e,\ogr) C Rjv( 0 w,C 3 ?') x (l/r,r) Vr G (l,oo); 


(ii) for all constants b > 0,B > 1/2 there exists a constant Cb^B such that 

BM{0N,hr^) X (l/r,r) C B{e,Cb.B logr) Vr G [e,+ 00 ). 

Proof. To prove (i) let {X,Z,a) be in i3(e,logr). By using (II.IL we see that 


ai/2 + a-i/2 


< cosh 


/ d((X, Z, a),e) 


< cosh 


logr 


r.1/2 I r-1/2 


so that l/r<a<r, as required. 

Now put C 3 = max{l/ci, 1/y^]^}, where ci is the constant which appears in Proposition 11.41 If 
Af{X, Z) > C 3 r, then by Proposition [O] either jXj > r or jZj > r^. In both cases cosh^ ^ d((x,z,a),e) ^ ^ 

cosh^ j which is a contradiction. This concludes the proof of (i). 









20 


CHAPTER 1. NOTATION AND PRELIMINARY RESULTS 


To prove (ii), let {X,Z,a) be in Bi\f(0N,br^) x (l/r,r). We have that |X| < C 2 br^, \Z\ < 
and a G (1/r, r), where C 2 is the constant which appears in Proposition 11.41 Applying (II.1|) we obtain 
that 


cosh 


d((A, Z, a),e) 




£2_^ ^(B-l/2) 
8 


C^^(2B-l) 

4 




where C depends only on b and B. Thus, there exists a constant Cb^B such that 

d{{X,Z,a),e) < Cb,B logr , 


as required. ■ 

We now give the simplest example of Damek-Ricci spaces, the ax + 5-groups. 

Example 1.7 The ax-I-6-groups 

The group is an H-type group where 0 = and 3 = (0). The dilations on are given by 

SaX = a}!'^ X, for all x in a in R+. Note that the homogeneous norm agrees with the usual Euclidean 
norm up to a multiplicative constant and the homogeneous dimension is Q = d/2. The harmonic extension 
of R^^ is given by S' = R*^ x R+, where the product rule is 

(x, a)(x', a') = (x -I- a/^'^x',aa') V(x, a), (x', a') € S. 

When d = 1 the group S is usually called the affine group of the real line or ax -I- 6 -group. We abuse the 
terminology and call ax + b -groups all the groups S just described. 

The dimension of S is n = d -|- 1, the right and left Haar measures are given by dp(x, a) = a~^ dxda 
and dA(x,a) = dxda. 

For more details on these groups see m- 

1.3 Spherical analysis 

In this section we summarize some facts concerning the spherical analysis on Damek-Ricci spaces. For 
details we refer the reader to EsiiiaiiT]. 

We may identify S with the open unit ball 13 in s 

13 = {(A, Z, t) e 0 X 3 X R : |A|2 -h -t < 1} , 

via the bijection (see [TS]) F : S ^ B defined by 

FiX,Z,a) = - - ^-2 - ((l + a+]\X\^-Jz)x,2Z, 

(l + a+i|Ap) 

-l + (a+i|Ap)\|Zp). 

The following integration formula holds. 
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Theorem 1.8 The left Haar measure on S may be normalized in such a way that for all function f in 
C^{S) 

f fdX= [ [ f{F~^{ruj))A{r)drda{uj), 

JS Jo JdB 

where da is the surface measure on dB and 


A{r) = sinh’"”+’"^ (0 cosh’"^ (0 . 


It is easy to check that 


A{r) < C 


1 + r 


n —1 


.Qr Vj. g 


(1.4) 


(1.5) 


We say that a function / on the group S is radial if it depends only on the distance from the identity, i.e., 
if there exists a function /o defined on [0,+oo) such that f{X,Z,a) = fo{r), where r = d{{X, Z,a),e'). 
We abuse the notation and write /(r) instead of /o(r). For every function f on S let / be defined by 

f{x) = f{x~^) VzSS'. 

Note that if / is radial, then f = f. 

Damek and Ricci [35] defined the radialisation operator 


in the following way: 


7 ^: C^{S) ^ C^{S) 


TZf{x)= (n{foF-^)){Fx) yxGS, 


where TZ is the radialisation operator on the ball B defined by 

1 f 


(7^<(.)(a;) = 


\dB\ 


'dB 


wllw) dtT(w) . 


A function / is radial if and only if TZ{f) = f. Damek and Ricci proved the following result. 

Proposition 1.9 The operator TZ extends to a hounded operator on L^(A), for all 1 < p < oo, and is an 
orthogonal projector of if {X). Moreover for all f,g G Cf°{S) 


L 


and 


IZfdX = / fdX 


[ {TZf)gdX = [ f{TZg)dX. 
JS JS 


For future developments it is useful to recall the definition of convolution on the space S. For all 
functions /, g in Cc{S) their convolution is defined by 


f*g{x)= [ fixy)g{y dX{y) 

JS 

= [ f{xy~^)9{y)<^p{y) ^xes. 

JS 


On the Riemannian manifold S we may consider the (positive definite) Laplace-Beltrami operator £, 
defined by 


C = —div o grad. 
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Definition 1.10 A radial function cf on the group S is called spherical if (f is an eigenfunction of the 
Laplace-Beltrami operator C and 4>{^) = 1- 


Let Eq, En-i be an orthonormal basis of the algebras such that Eq = H, Ei,Ejn„ is an orthonormal 
basis of D and Emo-i-iy ■■■y En-i is an orthonormal basis of 3 . Let Xq, Xi,X„_i be the left invariant 
vector fields on S which agree with Eo,Ei, ...,En-i at the identity. For every / in Cf°{S) 


Xif{x) 


jL 

dr 


f{xexp{TEi)) 

T — 0 


Vx G S', i = 0,n — 1. 


In particular, if f = 0 , then 

Xo/(X, Z,a) 


d 

dr 


/((X, Z, a)exp(rF;o)) 

T—0 


= adaf{X, Z, a), 


while the vector fields X^ do not involve derivative in the variable a, for all i 0. Damek m proved 
that 

n—1 

£/= - ^ Xf/+ QXo/ V/gC'“(S). (1.6) 

In particular, by applying (HH) to the functions s G C, we have that 

Z,a) = (-X2 + QXo)(a"*"+'5/^) 

= ( - {-is + Q/2f + Q{is + Q/2))a-**+'3/2 
= - OV4) Z, a) V(X, Z, a) G S. 

Thus the functions are eigenvalues of the Laplace-Beltrami operator and take value 1 in e, but 

they are not radial. Let f>s be defined by fQj. g g C. We have the following result. 

Proposition 1.11 The function 4>s is a spherical function with eigenvalue All spherical 

functions are of this type and 4>s = (f-s- 

In particular, the spherical function 0o satisfies the following estimate [HI Lemma 1]: 

())o(r) < C'(l + r)e-'3’'/2 V r G K+. (1.7) 


We shall use the following integration formula on S, whose proof is reminiscent of [m Lemma 1.3] and 
[3 Lemma 3]: 

Lemma 1.12 For every radial function f in C^{S) 

[ '5^/^/dp= [ (j)o{r) f{r)A{r)dr . 

Js Jo 

Proof. By using the fact that TZf = /, the integration formula (11.81) and Proposition ll.91 we obtain that 

f 51/2/dp = f S-^/^fdX 

Js Js 

= / (5-1/2 (7^/)dA 
Js 

= /(7^(5-l/2)/dA 

Js 

= [ f^ofdX 


0 


(l^oir) f{r) A{r) dr. 
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as required. i 

We now define the spherical transform on S and recall its properties. 

Definition 1.13 The spherical Fourier transform of an integrable radial function f on S is defined by 


nf{s)= f cfsfdx. 
Js 


For “nice” radial functions the spherical Fourier transform satisfies the following inversion and Plancherel 
formulas. 

Theorem 1.14 For every radial function f in Cc{S) the following inversion formula holds: 


f{x) = cs nf{s)<ps{x)\c{s)\~‘^ds, 
Jo 


where the constant cs depends only on m^, and and c denotes the Harish-Chandra function. The 
Plancherel measure satisfies the following estimate: 


ic(s)r"< 


|sp i/|s|<l 
i/|s|>l. 


Moreover the Plancherel formula holds: 


[ \f\^dX = cs r \nfis)\^\cis)\-^ds. 
Js Jo 


The spherical Fourier transform extends to an isometry between the space of radial functions in F^(A) 
and L^(IR+, cs |c(s)|“^ ds). 

In this context an analogue of the Paley-Wiener Theorem holds. 

Theorem 1.15 The spherical Fourier transform is an isomorphism between the space of all radial func¬ 
tions in Cf°{S) and the space of even entire functions of exponential type on C. Moreover the function 
f has support in the ball Br if and only if its spherical transform FLf satisfies 

I'H/Cs)! < C'jv(l+ VsGC ViVeN. 

From the definition of the spherical transform it follows that for every radial function / 

nf{s)= [ [ f{X,Z,a)(l)s{X,Z,a)a-^-^dXdZda 

Jr+ Jn 

= [ [ TZf{X,Z,a)Y^/^-^/^{X,Z,a)a-^-^dXdZda 

Jr+ Jn 

= f ( [ f{X,Z,a)a-'^/^dXdz)a-^‘‘-^da 

= f ( f fiX,Z,e*)e-^*/^dXdz)e-^^*dt 

Jr^Jn ^ 

= [ Af{t)e-^^^dt 

Jr 

= ToAf{s), 
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where T denotes the Fourier transform on the real line and A denotes the Abel transform defined by 

A][t)= f f{X,Z,A)e-^*^^dXdZ. 

JN 

Hence, at least formally 

% = T o A and = A~^ o . 

We shall use the inversion formula for the Abel transform [U formula (2.24)], which we now recall. Let 
Vi and T >2 be the differential operators on the real line defined by 

1 5 „ Id 


Vi= - 


sinhr dr 


V2= - 


sinh(r/ 2 ) dr 


If rrij is even, then 


A-^f{r) = a%VT‘^^^r^^fir), 

where a|. = while if is odd, then 

poo 

A-^f{r) =a°s di/(s), 

J r 

where ag = and d^(s) = (cosh s — coshsinhsds. 


(1.9) 

( 1 . 10 ) 

( 1 . 11 ) 


1.4 Direct products of Damek—Ricci spaces 

Let S' and S” be the harmonic extensions of two Lf-type groups N' and N”. We consider the direct 
product S = S' X S". 

The dimension of S is obviously n = n' + n". The group S is nonunimodular: the right and left 
Haar measures on S are given by dp((a;', a;")) = dp'{x')dp"{x") and dA((a::', x")) = dA'(x') dA"(a;"), 
respectively. Then the modular function is 

d{iX', Z', a'), (X", Z", a")) = a'-^' a"-^" . 

We equip S with the Riemannian metric which is the direct sum of the Riemannian metrics of S' and 
S" and denote by d the distance induced by this Remannian structure. We denote by dmax the following 
“product distance” on S' x S": 


d„iax{{x',x"), {y',y")) = ina,x{ds'{x',y'),ds"{x",y")} . 


It is easy to check that the distances d and dmax satisfy 


dmax{{x',x"),{y',y")) < d{{x',x"),{y',y")) < 2 dmax{{x',x"), {y',y")) 


for all {x',x"), {y',y") in S. 

In the sequel we denote by B(x, r) the ball of centre x and radius r with respect to metric dmax which 
is equal to Bs'{x',r) x Bs"{x",r). Note that [U formula (1.18)] there exist positive constants 71 , 72 such 
that for all r in ( 0 , 1 ) 


Ti?"" < p{B{e,r)) <72?’"', 


( 1 . 12 ) 
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and for all r in [ 1 , oo) 

7 i < p(B(e, r)) < 72 . (1-13) 

Hence S, equipped with the right Haar measure p, is a group of exponential growth. 

Given two functions h' and h” on S' and S" respectively, we denote by h' ® h" the function on S 
defined by {h' ® h”){x',x") = h'{x') h"{x"). 

On the Riemannian manifold S endowed with the direct sum of the Riemannian metric of S' and S" 
we may consider the Laplace-Beltrami operator C. It is easy to check that for all / in C^{S) 

Cf{x',x") = {C'f{-,x")){x') + {C"f{x',-)){x"), 

where C and £" denote the Laplace-Beltrami operators on S' and S", respectively. 

Let (j)'^, and denote the spherical functions on S' and S" respectively. Then 

G </."„) = (£>',) ® </>"„ + </>', ® (£>"„) 

= (s'2 + Q'V4 + + Q"V4)0;- G 

= (s'2 + + (g/2 ^ ^ 0", . 

Thus (p'g, 0 <!>''„ are spherical functions on S. The spherical Fourier transform of an integrable radial 
function / on S' is defined by 

Bfis', s") = [ 0 (/)"„) / ds' ds" . 

Js 

For “nice” radial functions the spherical Fourier transform satisfies the following inversion and Plancherel 
formulas: 

POO POO 

fix)=cs / / W(s',s") ®</>"")(x)|c(s')|-'ds'|c(s")r"ds", 

^0 -'0 

and 

p poo poo 

/ I/p dX = cs / mis', s")P |c(s')r" ds' |c(s")|-2 ds" , 

Js Jo Jo 

where c denotes the Harish-Chandra function. 

We say that a function / on S' x S" is biradial if there exists a function /o on R+ x R+ such that 
fix',x") = foi^dix', e'), d{x", e")), for all {x',x") S S'xS". We shall use the following integration formula 
on S. 

Lemma 1.16 Let f be a biradial function in C^iS). Then 

P POO POO 

S^/^fdp= / / </>'(£)</>''(/')/o(r',r")H'(r')H"(r")dr'dr", 

Js Jo Jo 

where A' and A" are defined as in Theorem, \l.f^ 
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Chapter 2 


Maximal operators 


Let 5 be a Damek-Ricci space. In this chapter we introduce some Hardy-Littlewood type maximal operators on S and we 
study their weak type (1,1) boundedness with respect to the right Haar measure. More precisely we study the left invariant 
Hardy-Littlewood type maximal operator defined by 

sup -7-^ [ \f\'^P v/eLjo;.(p), 

where is a family of open subsets of S. We look for families T such that is of weak type (1,1) with respect to the 
right Haar measure p. 

In Section |2.II we give a general result: if a family T satisfies a “good property”, i.e. it is nicely ordered, then the 
associated maximal operator is of weak type (1,1). 

In the following section we introduce some families of subsets of S\ a family 'RP which consists of small balls, a family 
■^00 rectangles” and a family of “big dyadic sets”. We prove that they are all nicely ordered and that the 

associated maximal operators are of weak type (1,1). Then in Section 12.31 we show that the maximal operator and 

are equivalent. 

In Section 12.41 we introduce some maximal operators on products of Damek-Ricci spaces and study their weak type 
(1,1) boundedness. 


2.1 The maximal operator 

Let J" be a family of open subsets of S. We study the maximal operator associated to J" with respect 
to the right Haar measure defined by 

M^f{x)= sup 

FeJ^,xeF P[F) Jf 

We are interested in finding families for which is bounded from F{p) to the Lorentz space 


Definition 2.1 We say that { J-, <), where JF is a family of open subsets of S and < is a preorder relation 
on T, is nicely ordered if for each set F in !F there exists a set F which satisfies the following properties: 

(i) p{F) < C p{F), where the constant C does not depend on the set F; 

(ii) if Fi, F 2 are sets in F such that F 2 < Fi and F 2 fl Fi ^ 0, then F 2 Q Fi. 
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If is a nicely ordered family, then it possesses a nice covering property. 


Lemma 2.2 Let J- he a nicely ordered family of open subsets of S. For every finite eolleetion of sets 


in F, there exists a subcollection of mutually disjoint sets Fi,...,Fk such that 


k 


LjF,. 


ie/ i=i 


Proof. Choose a set Fi such that Fi < Fi, for all i G I. This is possible because I is hnite. 

Suppose that have been chosen. Then either there are no sets of {Fi}i^i disjoint from 

Fi,..,Fn and the process stops, or we choose a set Fn+i disjoint from the sets already selected and such 
that Fi < Fn+i, for all i £ I such that Fi fl (Fi U ... U F„) = 0. 

This process stops after a finite number of steps (because I is finite). Let Fi,... ,Fk be the selected 
sets. Now, given a set Fi, i G I, either Fi is one of the sets which we have selected or there exists an 
index Fj, 1 < j < k such that Fi < Fj and FiD Fj 7 ^ 0; in this case, by property (hi) of Definition 12.11 
Fi Q Fj, and the lemma is proved. ■ 

A noteworthy consequence of Lemma l2.2l is that maximal operators associated to nicely ordered families 
are of weak type ( 1 , 1 ). 

Theorem 2.3 If F is a nicely ordered family, then the maximal operator M^ is bounded from L^{p) to 



Proof. Let / be in L^{p) and t > 0. Set Dt = {a; G S' : M^f{x) > t) and let K be any compact subset 


of Lit ■ By the compactness of AT, we can select a finite collection of sets {Aj} in F which cover K and 
such that 



By Lemma [2. 2 1 we may select a disjoint subcollection Fi, ...,Fk of {Aj} such that K C F. Thus, 



k 


k 


k 


By taking the supremum of both sides over all K C Lit, we obtain that p{Llt) < ^ II/||li(p)) as required. 


2.2 The maximal operators and 


In this section we introduce three families of subsets of S: RP , TZ°° and T>°°. 


The family 7?.° is the family of balls of small radius, i.e. 


72.° = {B{xo, r) : xq G S ,r < 1/2} . 
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The family TZ°° consists of “big rectangles”. Suppose that b', b" are constants such that 1/2 < 6 ' < b". 
We define TZ°° as the family of all left-translates of the sets E^.b, be. 


72.°° = {xf)Er^ b '■ Xo & S, r > e, b' < b < b"} , 


where 


= .BAr( 07 v,f'') X (l/r,r) Vr > e. 

Let 7 be a constant greater than For each set Er^b, we define its dilated set as 

Er,b = BN{0]sr,"fr^) x (l/r^,r^) . 

Note that 


( 2 . 1 ) 

( 2 . 2 ) 


piEr,b) = 2r‘^^^\BN{0A)\ logr 

xr^*'‘^logr. (2.3) 

Furthermore the measures of Er^ b and Er^ b are comparable. 

The family 77°° is similar to 72°°, the main difference being that we replace 7 ?at (Oat, r^) in (12.211 with 
a dyadic set in N. On spaces of homogeneous type, in particular on nilpotent groups, dyadic sets have 
been introduced by M. Christ uni Theorem 11]. For the reader’s convenience we recall their properties 
in the following theorem. 

Theorem 2.4 Let N be an H-type group endowed with the homogeneous distance d]\r and the Haar 
measure. There exist a collection of sets {Q^ C N : k G 'Z,a G Ik}, where R is a countable index set, 
constants rj > 1, cn > 0, Cn > 0 and an integer M such that: 

ft) \N-[jc^j,Qi\=0 ^kGZ; 

(a) there are points in N such that BN{n’f^,C]\f rj^) C C BM{n^, Cn 

(Hi) n = 0 if (3; 

(iv) each set has at most M subsets of type 

(v) yi < k and /? in If there is a unique a in R such that C Q^; 

(vi) if i < k, then either 0 = 0 or C Q^. 

Remark 2.5 Note that if TV = R'’* the dyadic sets agree with standard dyadic cubes in R'’*. For all k in 

Z and m Gift the dyadic cube is defined by 

d 

which is centred at the point = ((mi + 1/2) 2'^,..., {md + 1/2) 2^}. The constants which appear in 

Theorem 12.41 in this case are p = 2, cn = 1/2, Cn = ■\/d/2, M = 2‘^. Indeed, 


B^ftxl,2'^-ft CQ^C B^ftxt,Vd2'^-ft ■ 
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We define “big admissible sets” as products of dyadic sets in N and intervals in A. Roughly speaking, 
we may think of these sets as left translates of a family of sets containing the identity. We cannot exactly 
do that, because left translates and dilated of dyadic sets in N are not dyadic sets. 

Definition 2.6 A big admissible set is a set of the form x (oo/r, aor), where is a dyadic set in 
N, ao G A, r > e, 


< ??^ < a, 


1/2 4/3 


(2.4) 


and P is a constant > max {3/2,1/4 + logyy, 1 + log (ca/c/v)} , where C 3 , rj, cn are the constants which 
appear in Proposition 11.61 and Theorem 


The family 1)°° is defined by 


25 °“ = {R : 2 ? is a big admissible set} . 

Given a set 2 ? = Q’f x (ao/r, oq r) in T>°° we define 

2 ? = Q^ X (ao/r^aor^), ( 2 . 5 ) 

where 7 = 

Lemma 2.7 The following families are nicely ordered: 

(i) the family IfRP, <), where B{x2, ?'2) < B{xi, ri) if r2 < ri and the dilated of B{xo,r) is the ball B 
centred at xq of radius 3 r; 

(a) the family <), where B2 < 2 ?i if p{B2) < 2 p{Bi) and the dilated of B[xQ,r) is the ball B 

2 e*^ 72/71) and 7^, i = 1,2, are as in ill.ill) ; 

(Hi) the family <), where R2 < Ri if p{R2) < p{Ri) and the dilated of a set xoEr^b is the set 

XqE'p^ b, 

(iv) the family ( 25 °“, <), where x {a2/r2,a2r2) < x (ai/ri,airi) if k2 < fci and the dilated of 
a set is defined by Ii 2 . 5 \} . 

Proof. We prove (i). First note that by (HID there exists a constant C such that p{B) < C p{B), for 
each ball B in 72 .°. 

Let Bi be in 72 ° such that B2 < 23 i and Bi D B2 Then for each point a; in 272, we have that 

d{x, xi) < d{x, X2) + d{x2,xi) < 2r2 + ri < 3 ri. 

Thus the point x is in 27 i. This proves that 72 ° is nicely ordered. 

We now prove (ii). First note that by (HID there exists a constant C such that p[B) < C p{B), for 
each ball B in 72 °. 

Let Bi = B{xi,ri) be in 72 ° such that B2 < Bi and 27 i fl 272 7^ 0 - The condition p{B2) < 2 p( 27 i) 
implies that <5(a;2)“^ 71 < 2 i 5 (a;i)“^ 72 r". Thus 


ri . 


r2< {2 5{x2X^'^)^2hiY^'^ 
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Since X 2 X 1 ^ is in B{e, 1) we have that 5{x2Xi < e'^ and then 

r2 < (2 6*5 72/71) . 


It follows that 


B{x2,r2) C B{x2,2r2 + ri) 

C b (^ xi , (^1 + 2 ( 2 e^ 72 / 7 i)^^”)ri^ 

= S(a:i, 7 ri) 

= Bi, 


as required. This proves that TZ^ is nicely ordered. 

We now prove (iii). Suppose that Ri = XiEr^^bi, for i = 1,2, are sets in TZ°° such that R 2 < Ri and 
i?i n i ?2 ^ 0- Without loss of generality we may suppose that R 2 is centred at the identity. Indeed, 
if not, then a;^^i ?2 ^ x^^Ri, they intersect and x^^i ?2 is centred at the identity. If we prove that 
X 2 ^R 2 C X 2 ^Ri, then also R 2 C Ri. 

Then we suppose that X 2 = e and cci = (ni,ai). It is straightforward to check that the condition 
R 2 < Ri implies that 


1/2 bi \ 2Q 

7.,' r*. 


'1 ; 


262 Q 


logr-i 
log r 2 


> 1 . 


The fact that Ri and R 2 intersect implies that 
1 


rir2 


< ai < rir 2 and div(ni. Oat) < . 


( 2 . 6 ) 


(2.7) 


Let (n,a) be a point of i? 2 ; we shall prove that it belongs to Ri. From (12.71) we deduce that 


1 

rfn 


< — < r^ri 
Oi 


and 


( 2 . 8 ) 


dNin, ni) < dN{n, Oiv) + (Oat, ni) 
<2rl^ T . 


Now we examine two cases separately. 

Case r 2 > ri. In this case, from (12.61) we deduce that 


< 1/2 hi /logriNi/ 2 Q 


^ 1/2 bi 
< ai > 


(2.9) 


disiin.ni) <2r^2 P a\^‘^r 


1 / 2 „ 6 i 


< 3 r 


and then from (12.9p we obtain that 
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Again from (12.61) and (12.71) it follows that 


"2 llogrj 


< ^1/2 bi + 1/2 
— ’ 2 ' 1 


2bi+l 2b'' + 1 

and then r 2 < . Thus, from 


4b''+2b' + l 4b''+2b' + l 

< < — < r2ri < ri 

r|ri m 




Since 7 > > 3 by assumption, we have that 


— < — < r 7 and dAr(ni, O^v) < 701 ^^?’^ • 


Oi 


Thus the point (n, a) is in Ri as required. 

Case r 2 < ri. In this case, by using (12.81) we have that 


1 


< 


1 


< — < r2ri < rj . 


rj rjri ai 

It remains to verify that dAr(n, ni) < We examine two situations separately. 

2bi -1 

(i) If r 2 < , then from (12.91) we obtain that 


d7v(n, m) < (2 + l) 

^ a;j^ ^ 


^ 1/2 „ 
< 0,1 r. 




(ii) If < r 2 < ri, then from (12.61) we deduce that 


A 2 


/ 1/2 fei 

< a/ Ti ' 

/logriy 

1/2Q 


V log r2 / 


^ 1/2 61 

< a/ Ti ' 

/262 + I 

\ 1/2Q 


V26i - 1 

/ 

/ 1/2 fei 
< a^ r^ ' 

/26" + l 

N 1/2Q 


to 

1 

/ 


This implies that 


111 ) < 2 r 2 ^ + 
< (^2 

1/2Q 


.26" + 1x1/2Q \ 1/2,^ 

(wvtJ + ') “■ ■ 

Since 7 > ^ ^ ( 2 b'-i ) + 1 > 3 by assumption, we have proved that 


< — < rV 

Oi 


and (iAr(ni, Oat) < . 
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Thus the point (n, a) is in as required. This concludes the proof of the fact that TZ°° is nicely ordered. 

Finally we prove (iv). Suppose that Ri = Q^. x (a^/ri, r^), i = 1,2, are sets in such that 

i ?2 < Ri and i ?2 n i?i 7 ^ 0. In this case, since ^2 < and ^7 property (vi) of Theorem 

12.41 we have that C Moreover, since i ?2 and i?i intersect, we have that 


1 

r-i r2 


Oi 

< — < r-i r2 . 
02 


( 2 . 10 ) 


By the admissibility condition (12.41) we obtain that 


. 1/2 ^/3 


< < V"" < a\ 


ki 


1/2 4,0 


and then, by (I2.10p . 

4 g + 1 

r 2 < . 

It follows that 


(a 2 /r 2 , 02 r 2 ) C (oi/ri r^, ai ri r^) 

C (ai/r7, Oir7). 

This proves that R 2 Q Ri. Thus, the family 1)°° is nicely ordered. ■ 

A straighforward consequence of Lemma 12.71 is that the maximal operators associated to the families 
defined above are of weak type ( 1 , 1 ). 

Theorem 2.8 The maximal operators M^ and M'^ are bounded from L^{p) to 

Proof. It follows from Theorem 12.31 and Lemma [2.71 ■ 


Remark 2.9 In this section we have proved that the maximal operator associated to the family of balls 
of small radius is of weak type (1,1). Observe that the maximal operator associated to the family of balls 
of big radius is not of weak type (1,1). More precisely, let Ti} = {B{xo, r) : xq G S', r > 1}. If the weak 
type ( 1 , 1 ) inequality for the maximal operator holds, then it can be extended from L^{p) functions 
to finite measures by a standard limiting procedure. Let Se be the unit point mass at the identity e. At 
a point X = (n, a), such that d{x, e) > 1 , we have that 


M ^ 6eix) > sup 


>1 p{B{x,r)) 


5e{B{x,r)) . 


Notice that Se{B{x,r)) 7 ^ 0 if and only if d{x,e) < r. Since p[B{x,r)) < 72 e*^’’ (where 72 is as in 

don), 

A/'^'(5e(x) > sup : r>d(x,e)| 

_ 1 
~ 72 (ae‘*0’®))Q ’ 


By estimating the level sets of the function in the region {x = {n,a) G S : d{x,e) > 1}, we 

disprove the weak type inequality. 
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Indeed, suppose that 0 < t < e and consider the set 

IIt = {a:=(n,a)e,S: d{x,e) > 1, > *] 

= |a; = (n,a) G S' : d{x,e) > 1, . 

We prove that p{Ltt) = oo. 

First we observe that the set Ot defined by 

Ot = |a; = (n,a) G S : 0 < a < 1, 4 cosh^(l/2) < < l/(^ + ~ |, 

where C 2 is as in Proposition II.41 is contained in Lit- 
Indeed, if (n, a) = (X, Z, a) is in Ot, then 


[d{x, e)/2^ = a ^ 

((a + l)/2 + 1/8 \X\^y + 1/4 

> (1/4) 

(|A|V16+|^P) 


= Ar(n)V4 

> cosh^(l/2). 


Thus d(x, e) > 1 and 


< 4a 

cosh^ (d{x, e)l2) 

= 4 

((a + l)/2 + 1/8 \X\y\ 1/4 |Z|2 

< 4 

(l + |A|V8)V|Z|V4 


<A+\X\^ +N{X, Zf 
<I+[cl + l)M{X, Z)4 


This proves that Ot C Lit- Since p{Ot) = +oo, there does not exist a constant C such that p{Llt) < Cjt. 
This shows that the maximal operator is not of weak type (1, !)■ 


Remark 2.10 Note that the parameter b which appear in the Definition 12. II of sets of the family TZ°° is 
bounded away from both 1/2 and oo. If this does not hold, then the corresponding maximal operator is 
not of weak type (1, !)■ More precisely let TZ be the family 

it = {xoEr^b ■ xq € S, r > e, b > 1/2} . 

The maximal operator M^ is not of weak type (1, !)• 

Indeed, if the weak type (1,1) inequality holds, then it can automatically be extended from L^{p) 
functions to finite measures. Let 5e be the unit point mass at the identity e. At a point x = (n, a) we 
have that 

M^Se{x) > sup — 

r>e,b>l/2 P\^^^r,b 

Note that Se{xEr^b) 0 if and only if ^ < 1 < ar and dN{n,0N) < . 
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Since p{xEr^b) = logr, 

M-^Seix) > ■■ b > 1 / 2 , r > e, 

- < 1 < or, > dAr(n,0Ar)| . 

Now suppose that a > e and dAr(n, Oat) > a. We may choose b = log^ d — lj2 > 1/2 and r = o^l + | 
Obviously r > a and adl'^r^ > = dAr(n,0Ar). 

Moreover, 

^Qj.2bQ _ ^2Q(6+l/2) ^2^ _j_ jQg _|_ 

< C'[dAr(n, 0 Ar)]^'^ logo. 


It follows that 

M'^^eix) > ^ - . 

^[dAr^n, OjvjJ logo 

We shall disprove the weak type inequality by estimating the level sets of the function 

in the region {x = (n, o) S S': o > e, dNin,0N) > a}- 
Indeed suppose that 0 < t < e”^'^ ^^d consider the set 


w 


[djv(n,0N-)] 


logo 


Lit = < {n,a) G S : o > e, dAr(fT-, Oat) > 


[djv(n, Ojv)]^*^ logo 
|(u,a) e S : e < o < a, o < dN{n,0N) < \i/ 2 q } ’ 


>0 


where log a = j. Then 


pm = f 

J e 


do f (t ioga)i/Q 

O . „2 


- r( 

Q Je VtlogO 


1 


— a 


^ do 

2Qy 


do 

a 


1 , , 11 
>-loglogo-^ — 

>T(logloga-T) 


where we have used the integration formula for radial functions on N in Proposition II .5 
It is easy to check that a > and then 

1 


MS!.) > ^(loglog(^I7i35y) - 55 ) 


Qt 


which is not bounded above by Thus, the weak type inequality for the maximal operator does 
not hold. 
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2.3 Equivalence between and M^°° 


Given two families Ti and IF 2 of open subsets of S we say that the associated maximal operators are 
equivalent if M^^ is of weak type (1,1) if and only if M^^ is of weak type (1, !)■ 

In this section we prove that the maximal operators and M^ are equivalent. First we prove 

that for every locally integrable fnnction / the maximal function / is pointwise bounded above by 
C f, for an appropriate constant C. 

Proposition 2.11 Let fi he as in Definition \2.6\ h' and h" as in Definition \‘2.1[ If b' = fd and b” = 
4/3 + log Cat, then 

M^°°fix) < ^ M^^fix) V/ e LlM yx€S. 

Cn 

Proof. Let / be in Ll^^{p) and x in S. Let E = x {ao/r, oq r) be a set in D°° which contains x. We 
define 

R = Cn x (oo/r, oq r ), 

where Cn, ij are as in Theorem nn It is easy to check that E c R and p{R) < (Cn/cn) p{E). We 
choose b such that r’^ = Cn ■ 

By the admissibility of E we deduce that 

(_/^ CLq T \ GEiq V O jV ^ 5 


so that 


Thus R is in 72.°° and 


6 ' = /3<6<4/3 + logC'Ar=&" 


PiE) 


f \f\dp<—-^ f \f\dp<—Al'^°°f{x). 
Je Cn p{R) Jr Cn 


By taking the supremum over all set E in D°° which contain x, we obtain that 


f{x) f{x). 

Cn 


as required. 


Clearly, by Proposition l2.111 if the maximal operator M^°° is of weak type (1,1), then is of weak 

type ( 1 , 1 ). 

Next we show that a pointwise inequality of the form < C M^ , with C > 0, fails. 


A counterexample. Let ^ = K x IR.+ be the affine group of the real line. Set / = Xj-q i)x(e-V 2 e^/^)- 
We compute M^ f and / on the set (—1,0) x (e“^/^, e^/^). 

Let {x, a) be a point in (—1,0) x e^/^) and E = x (oo/r, oq r) be a set in T>°° which contains 

(x,a). Since x G Qmi Qm ^ (Oj 1) = Thus the average of / on 73 is equal to zero. This proves that 
M^”/(a:,a) = 0 . 

Let us consider a constant b > 1/2 and the set R = (—e^,e^) x (e“^/^, e^^^). This is a set in 72°° 
centred at (0,e^/^) which contains {x,a). The average of / on 7? is 


1 



1 


p((0,l)x(e-l/^e3/2) 


1 

2^ ■ 
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Thus, there does not exist a constant C such that 


< M'^°° f{x,a) <C M'^'" f{x,a) = 0 V(a;, a) G (-1,0) x (e 


Though the pontwise inequality between and does not hold, an inequality between the 

measures of the level sets of and M'^°° holds. This is proved in the following proposition. 

Proposition 2.12 Let /3 he as in Definition \2.6l b' and h" as in Deftnition \2.1i If h' = fl and b” = 
4/3 — log r], then there exists a constant A such that for every locally integrable function f and t > 0 

p{{x: > At}) < (—*^(7 +l)p({a; : M'^°°f{x) > t}) . ( 2 . 11 ) 


cn 


Proof. Let / be in Ll^^{p). Set = {x : M^°°f{x) > t}. For each point x in Of°° we choose a 
set Ex in such that ^ Jg |/| dp > t and E^ > E, for every set E which contains x such that 
Ie \f\^P > 

Now we select a disjoint subfamily of {Ex}x- 

We choose Ex^ such that Ex^ > Ex, for all x G Of . Next, suppose that Ex^,..., Ex.^ have been 
chosen. Then we choose a set i3a;„+i disjoint from Ex,^,..., Ex^ and such that i3x„+i > Ex, for all 
X G Of°° such that Ex H Ex^ = 0, * = 1,..., n. 

We put Ej = Exj = Q% X {ajlrj,aj Xj), Ej = Q^f. x {ajfr], aj rj) and Ej = BM{n^cfj, {ICn + 2)p'^^) x 


Now set = {x : f{x) > At}. We prove that C (J^. Ej. 

Let x be in . There exists a set i? = B]\j{no, r^) x {ao/r,aor) in 72.°° which contains x such 
that /g I/I dp > At. We choose the integer k such that r^ < and denote by I the set 

of indeces / = {a G /fc : fl B]s[{no,al^‘^ r’^) yf 0}. We claim that the cardinality of I is at most L, 

where L is a fixed number which depends only on the group N. 

For all a in / we define Ra = x {ao/rQ,ao rg). Note that R C Ra and p{Ra) < {Cn p{R)- 
Each set Ra is in T>°°. Indeed, 

— wo .0 




and 


Now observe that 


1/2 h 


— “0 


p < p Oq' r < pUf 


1/2 b" 




At < 


1 


P{E) Jr 
p{Ra) 


ae/ 


I/I dp 

1 


p{R) p{Ra) Jr^ 


1 




I/I dp 
f I/I dp. 


Thus there exists at least an index ag in / such that —j |/|dp > By choosing 

A = L {Cn we have that ^ |/| dp > t. It follows easily that there exists an index jg such 

that Rao < Ejg and Rag H Ejg 7 ^ 0. By Lemma 1^171 fivl we have that k < kjg, r < rj and Rag C Ejg. 


Now we prove that x = {n, a) is in Ej. 











38 


CHAPTER 2. MAXIMAL OPERATORS 


Let OLx be the index in / such that x G Ra^ ■ It follows that 


CL CL CLq ■7+1 

- =-< r < r; 

(XjQ CLq Cljg 


'JO ^ 'jo 


and 


Moreover 


a 1 
— > 

“jo r. 


7 + 1 
jo 


dN{n, na% ) < dN(n, n„J + djv+a, , llco) + ^A^+ao ’ ) 

< Cat + + dN{n’l^,no) + dw(no, n* J + Cn 

< Cn + ^Cnt]'^ + 0 ^+'’) + Cn 

< Cn + 2{Cn + l)ri'" + Cn 

< {ACn + 2 )r;'=^o . 


This proves that x G Ej^. 
Thus C IJ . Ej and 


p{of:)<Y,p{E,) 


< 




< 


/4C7v + 2 \ 2 Q \ 

I-) (7 + 1)X!^(+) 

j 

\ 2Q 

) (7 + l)p(Of ), 


Cn 

ACn + 2\2Q^ 


Cn 


as required. 

It remains to prove that the cardinality of the index set I is at most L. 

Indeed, for all a G / we have that 

div(n-^, no) < Cat + + < {Cn + 1)+ ■ 

Given two indeces a, P G I we have that dN{na,np) > rj^ . Thus points n^, a G I, are in the ball 
BN{no, {Cn + l)^^) and their mutually distances are greater than rj^. Since 7 is a space of homogeneous 
type, there exists a constant L such that 1)/ < L [T^]. ■ 


By Proposition 12.111 and 12.121 we deduce that given /3 as in Definition 12.61 b', b” as in Definition US if 
b' = P and b" = 4/3 + logCA/, then the maximal operators and are equivalent. 


2.4 Maximal operators on products of Damek—Ricci spaces 

Let S = S' X S” be the product of two Damek-Ricci spaces. It is natural to consider maximal operators 
of Hardy-Littlewood type on S which are the analogue of the maximal operators which we studied in the 
nonproduct case. 

Given a family T of open subsets of S the associated maximal operator is defined by 

M^f{x) = sup [ I/I dp, 
xeF JF 









2.4. MAXIMAL OPERATORS ON PRODUCTS OF DAMEK-RICCI SPACES 


39 


where the supremum is taken over all the sets F in the family P. 

We now introduce two families of sets and study the weak type ( 1 , 1 ) boundedness of the associated 
maximal operators. 

The family 7 ?.° is the family of balls of small radius, i.e. 

= Bs'{x',r) x Bs''{x",r) : r < 1 / 2 } . 


By ( 11.1211 there exist positive constants 71, 72 such that 

71 (ao)^'(ao)'^'' r" < p(S((no, ao)(no, ap),r)) < 72 (ao)*^' 

( / n \ 

2 qQ+Q 72 / 71 ) B[xQ,r) = B{xo,^ r). 

The family 1 ^°° consists of products of “big sets” in S' and S", i.e. 


Vr G ( 0 , 1 / 2 ). 


n°° = {ix',x") ■ X <fe) : ix',x") GS,r>e}, (2.12) 

where sets E'^ j, are defined as in (12.21) and 6 is a constant >1/2. 

The family si nicely ordered as in the nonproduct case. 

Lemma 2.13 The family (72.°, <), where B 2 < 73i if p(7?2) < 2 p{Bi) and the dilated of a ball B is the 
ball B defined above, is nicely ordered. 


Proof. We may suppose without loss of generality that Bi is centred at the identity. Let denote the 
radius of the ball Bi, i = 1,2 and {x'i,x'f) denote the centre of Bi. Since Bi 0 B2 7^ 0, we have that 
ds'{e,x'2) < ri + r2 < 1 and ds"{e,x'f) < ri + r2 < 1 . The condition p(i?2) < 2 p(i 7 i) implies that 
7 i 5 {x2 )~^ ?'2 — 2 72 ?'i • Thus 

r2 < (2 5 {x2 ) 72/71) xi . 

Since X2 is in B{e, 1 ) we have that 6{x2) < e'^ and then 

C2<(2e'5+'3 72/71) ^^"ri. 

Hence 


B{x2,r2) C B{e, 2 r 2 + ri) 

C B(e, (1 + 2 ( 2 eO'+' 3 " 72/71)'^”)^) 

= B(e,7ri) 

= Bi, 

as required. ■ 

From Lemma [ 2 T 3 ] it follows that is bounded from L^{p) to L^’°°{p). 

While in the nonproduct case is of weak type ( 1 , 1 ), this does not hold in the product case. 


A counterexample. We consider the space S' = K.^ x K.}_ = (R x IR+) x (R x R+) endowed with the 
semidirect product 

ix', x", a', a") ■ iy', y", a', a") = (x' + a y', x" + a" y", a' a', a" a"). 
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The right Haar measure on S is given by dp{x', x", a', a") = (o' a'')~^ da:' Ax" da' da". 

Suppose that h > 1/2 and let Q be the set x (—e^,e^) x (1/e,e) x (l/e,e). We consider the 

family of sets 

T = {{x',x",a',a") ■ Q : {x',x") S R^(a',a") = > 0}. 

We want to prove that the maximal operator is not of weak type (1,1). To see this we define a 
sequence of functions {fk}k such that \\fk\\L^(p) = 16e^^ and p{{M^fk > 1/2}) > \\fk\\L^{p) ik + 1). 

First we define a sequence {Ek}k of sets in K such that Ek is the union of 2^ intervals whose length is 
2-2“^^ e^. Set i?o = (—e^, e*”). Given a set Ek-i, for each component / = (a —4- 2“^^ e^, a + 4- 2“^^ e^) of 
Ek-u we take two subintervals oil, h = (a-4-2-2^ e^ a-2• 2-2^ e^), h = (a +2• 2-2^ e^a + 4-2-2^ e**) 
and let Ek be the union of these intervals. Then we have Ek C Ek-i C ... C Ei C Eg and \Ek\ = 2-2“^ e^. 
We now define a sequence of functions fk as 

fk 2 X(—e^) xi?fc X (l/e,e) X (2“‘^^/e,2“^^ e) ■ 

Then ||/fe||Li(p) = 16e2^. We will show that {M^fk > 1/2} A {Jl^g[—2'^e^,2'^e^) x Ei x {2'^'‘/0,2"^^ e) x 
(2-^70,2-4'e). 

Fix k > 0 and let / be one of the components of Ei, i < k. Let R = (—2' e^, 2' e^) x J x {2'^’'je, 22' e) x 
(2-4'/e, 2-4'e). Obviously R belongs to the family T and p{R) = 16 2-'e2^. Moreover 


1 


p{R) 


\fk\Ap = 


2 ' 


16 e' 


26 


27(-e^e7||/n£;fe|4 


__ 2 2 

“ 4 

= 1 . 


Then R C {M^fk > 1/2}. It follows that {M^fk > 1/2} D ULo(-2* e^ 2'e^ x Ei x (2'/e,2'e) x 
(2-27e,2-2'e). Thus 

k 

p{{M^fk > 1/2}) >p(U(-2'e^2'e7 x E, x (2'/e,2'e) x (2-2'/e, 2-2'e)) 


> P 


2=0 

k-l 

(U(- 


2=0 


-27^277 X Si X (2Ve,2'e) x (2-2'/e, 2-2'e)j + 
+ 2 p((2''-4 e^ 2^ e7 x Sfc x (2^6, 2^ e) x {2-^'^/e, 2-2^= e)) 

k-l 

> ^ 2 (2' - 2'-4) e7L^*| 4 + 2 (2^= - 2'=-4) |Sfc| 4 = 


2=0 


= IGe^^fc + l) 

= ll/fc||Li(p) (fc + 1) ■ 

Hence M^ is not of weak type (1,1). 

Note that T is contained in the family defined by 1)2.121) . Then also the maximal operator 
is not of weak type (1,1). 






Chapter 3 


Calderon—Zygmund theory 


Recently Hebisch and Steger gave an assiomatic definition of Calderon-Zygmund spaces and proved a boundedness theorem 
for singular integral operators on these spaces: we recall their results in Section 13.11 In a Calderon-Zygmund space, 
satisfying an additional hypothesis of technical nature, we may define Hardy spaces 1 < q < oo, and BMOp spaces, 

1 < p < oo: we prove that BMOp may be identified with the topological dualof . Then we prove a 

boundedness theorem for integral operators on Calderon-Zygmund spaces. 

In Section [3.2l we generalize the result in m proving that (S', p, d) is a Calderon-Zygmund space for every Damek-Ricci 
space. To do it we shall use a family of admissible sets: it may be worth observing that “small sets” are balls of small 
radius, while “big sets” are rectangles, i.e. products of dyadic sets in N and intervals in A. 

In Section 13.31 we study the — BMO theory on ax + 6-groups: in this case we introduce a space and prove 

that all spaces 1 < q < oo, are equivalent. 

Finally in Section 13.41 we show that products of Damek-Ricci spaces are Calderon-Zygmund spaces. 


3.1 General Calderon-Zygmund theory 

Recently Hebisch and Steger [37] gave the following assiomatic definition of Calderon-Zygmund space. 

Definition 3.1 Let {X,^,d) he a metric measured space. Let TZ be a family of sets in X and kq be a 
positive constant. We say that {X, fi, d) is a Calderon-Zygmund space with Calderon-Zygmund constant 
kq if the following hold: 

(i) for every set R in TZ there exists a positive number r such that R is contained in a ball of radius at 
most Ko r and g.{R*) < kq fJ,{R), where R* = {x & X : d(x, R) < r}; 

(ii) for every f in L^(fj.) and a > kq ||/||ii(^)//r(X) (a > 0 if g,{X) = oo) there exists a decomposition 
f = g + 

(111) Isl < Ko CK p-almost everywhere; 

(112) bi is supported in a set Ri of TZ and J bi dp, — 0 Vf S N; 

(as) \\bi\\Li;^) < Koag,{Ri) Vi G N; 

(n 4 ) 

The sets in the family TZ are called Calderon-Zygmund sets and the decomposition f = g + 
called Calderon-Zygmund decomposition of / at height a. 
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Clearly spaces of homogeneous type are Calderon-Zygmund spaces. Note that in this case we may 
choose TZ as the family of balls. It is remarkable that some spaces which are not of homogeneous type are 
Calderon-Zygmund spaces. Indeed, Hebisch and Steger proved that ax+fe-groups are Calderon-Zygmund 
spaces. They proved a boundedness theorem for integral operators on Calderon-Zygmund spaces [SIl 
Theorem 2.1]. We now give a formulation of their theorem, where the hypothesis is reminiscent of the 
classical Hormander’s condition. 


Theorem 3.2 Let (X, /i, d) be a Calderon-Zygmund space. Let T be a linear operator which is bounded 
on L^{fi) and admits a locally integrable kernel K off the diagonal that satisfies the condition 

sup sup / \K{x,y) — K{x, z)\dp{x) < oo, (3-1) 

R v.z^RJ {R»Y 

where the supremum is taken over all Calderon-Zygmund sets R in TZ. Then T extends from L^[pL)C\Lfi{p) 
to a bounded operator from L^{p,) to and on T^(/i), for all p in (1,2]. 

Remark 3.3 It is easy to verify that if T is a linear operator bounded on L^{fj,) such that T = 
where 

(i) the series converges in the strong topology of Lfi[y)-, 

(ii) every Tj is an integral operator with kernel Kj ; 

(iii) there exist positive constants a. A, e and c > 1 such that 

[ \Kj{x,y)\{l + c’d{x,y)y dp,{x) < A Vy € X; (3.2) 

Jx 


/ \Kj{x,y) - Kj{x,z)\dfi{x) < A{c’d{y,z))°‘ yy,zGX, (3.3) 

Jx 

then T satisfies the hypothesis (EU of Theorem O The conditions (i)-(iii) are formulated by Hebisch 
and Steger in [371 Theorem 2.1] and in some case they are more convenient than m to verify (as in the 
proof of Theorem 14.31) . 

Remark 3.4 Note that if the operator T in Theorem 13.101 satisfies also the “dual condition” 

sup sup / \K{y,x) — K{z,x)\dy{x) < oo, (3.4) 

R v,z^rJ{r-y 

where the supremum is taken over all Calderon-Zygmund sets R in TZ, then T is bounded on LP{p,), for 
all p in (1, oo). 

Indeed, by (EZI) the adjoint operator T' satisfies the hypothesis of Theorem l3.10l Thus T' is bounded 
on LP{fj.), for 1 < p < 2. By duality it follows that T is bounded on T^(p), for 2 < p < oo. 


We now show that if a generic Calderon-Zygmund space {X, p, d) satisfies an additional hypothesis, 
then we may introduce an Hardy space and a bounded mean oscillation space on X. 

Throughout this section we shall work on Calderon-Zygmund spaces satisfying the following additional 
condition (C). 

There exists a subfamily TZ' of TZ such that the following hold: 
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fij given i?i, i?2 in R' such that i?2 H ^ 0 , then either Ri C i?2 or i?2 C 
(ii) for every set R in TZ there exists a set R' in TZ' which contains R. 

We now introduce the space on X, for 1 < g < oo. 

Definition 3.5 A (l,( 7 )-atom is a function a in L^{^) such that 
(i) a is supported in a Calderon-Zygmund set R; 

(Hi) fg a dp, = 0 . 

Note that if a is a (l,( 7 )-atom supported in R, then 

l|a||i=/ \a\dp<\\a\\gp{Ry^‘^' <1. 

JR 


Definition 3.6 The Hardy space is the space of all functions f in L^{p) such that f = Xj aj, 
where Oj are (1, q)-atoms and Xj are complex numbers such that |Aj| < oo. We denote by ||/||_f/i,<i the 
infimum of^- |Aj| over all decompositions f = |Aj| aj, where Oj are (\,q)-atoms. 

We now introduce the bounded mean oscillation space. For every locally integrable function / and every 
set R we denote by fa the average of / on R, i.e. fa = fg f dp. 

Definition 3.7 The space BAiOp, for \ < p < oo, is the space of all functions in such that 

where the supremum is taken over all Calderon-Zygmund sets in the family TZ. The space BMOp is the 
quotient of BA40p module constant functions. It is a Banach space with the norm defined by 

ll/llsMOp =sup|(-^^|/-/K|Pd/r) : i? G 7^| . 

Remark 3.8 We summarize some properties of BMOp. 

(i) is contained in BMOp and ||/||bmOp < 2|1/||oo- 
Indeed, for each Calderon-Zygmund set R we have that 

i-m L 

< 2 ||/||oo. 

(ii) Suppose that there exists a constant C such that for all Calderon-Zygmund set R there exists a 
constant cr such that 




< C < CO . 
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Then / is in BMOp. Indeed, 






<C+\CR-fR\ 


<c + 


fi{Ry/p 


^icfl-zrd^i^ 


<2C. 


(iii) If f,g are in BMOp, then |/|, max{/,g}, min{/,g} are in BMOp. 

(iv) If / is in BMOp and a is a (l,p')-atom supported in R, then by Holder’s inequality we obtain that 

J fadg, = J {f{x) - fR)a{x)dfj,{x) 

<[Jjf{x)-fR\Pdg,(x)^ J^\a\P'dfj^j 

< ll/llsMOp • 

Property (iv) is key to prove the duality between BMOp and H^’P . 

Theorem 3.9 For all 1 < p < oo the space BMOp is the dual of H^’P . 

Proof. We hrst prove that each / in BMOp represents a bounded linear functional f/ on H^'P , in the 


sense that 


^fig) = [ fg^h, 

Js 


and \£f{g)\ < C WfUsMOp IIsII^cp' for all functions g in 


iV 

={g^R^ig)' g = aj, Oj {l,p') - atoms,N . 

i=i 

Since H^^ is dense in H^'P , it suffices to identify a unique bounded linear functional on H^'P . We 
distinguish three cases. 

Case f G L°°{p). For each g in H^’P and for all e > 0, there exists a decomposition g = Xjaj, 
where y2j l^il < IIi/IIhi.p' +e and Oj are (l,p')-atoms. Since / is in L°°{p) and the series converges to g 
in L^{p), we have that 

/ /5dM = y'Aj / fa^dp, 

JS j Js 

and then, by using property (iv) above, we obtain that 


[ fgdp <^|Aj| [ fajdp 

Js , Js 


E WJWBMO, 




< WIWbMOp (IlsIlffCp' + s) ■ 



3.1. GENERAL CALDERON-ZYGMUND THEORY 


45 


By considering the infimum over e > 0, we deduce that the functional is bounded on and has 

norm < ||/||bmOp- 

Case f £ BMOp real valued. In this case we define for each k gN 


fkix) = <{ fix) 
-k 

Each function fk is in L°°ifi) and \\fk\\BMOp < C' II 
fc G N 

I r 

fkgdfi 


if fix) > k 

if |/(a;)| < k 
if fix) < -k. 


I BMOp- By the previous case, for all g in and 


< WfkWsMOp hWnrp' < CWfWsMOp hWnrp' ■ 

Since g G and / G BMOp, we have that g and / belong locally to Rp (/r) and respectively. 

Thus, by the dominated convergence theorem, since fk converges to / almost everywhere, we deduce that 


fgdg. 


< C II/IIbmOp \\g\\m.p' , 


as required. 

Case f G BMOp complex valued. It suffices to write / = Re/ + zim/, use the previous case and the 
fact that ||Re/||ijMOp < C'll/llsMOp and ||Im/||ijMOp < C'||/||bmOp- 

So far we have proved that BMOp is contained in iH^'P )'. Now we prove the converse inclusion. 

Let i be in iH^’P )'. Our purpose is to define a function / in BMOp such that if = i and ||/||bmOp < 
C |K||(//i,p')/. For simplicity we first prove this fact in the case where p = 2. 

For each Calderon-Zygmund set R we denote by the set of all functions in L'^ip) supported in 
R and by q the subspace of functions whose integral is zero. If g is in q, then the function 
a = II 3 II 2 ^ 5 is a (I, 2 )-atom. Then 


\it,g)\<piiR)^/^\ 


B1.2) 


This shows that i is in (T|j g)'. Thus, since g is an Hilbert space, there exists a function G g 
such that ||/^||2 = IKII(bi. 2 )' and (£,g} = fjjf^gdg for all g G L^g. 

To define the function / which represents the functional £ we proceed in the following way. Let TV be 
the family of Calderon-Zygmund sets which satisfies condition (C). We now define the function / by 

f{x) = f^ix) ifxGi?, 

where R is in TV (note that by (ii) in condition (C) there exists a set R in TV which contains x). First 
we observe that this definition makes sense, because if i?i fl i ?2 0, then either i ?2 C Ri or i?i C R2. If 

R 2 C Ri, then 

[ if^^-f^ngdL = 0 VgGL?j,,o, 

JR2 

which implies that and are equal on R 2 . Otherwise we deduce that and f^^ are equal on 
Ri. 

It remains to prove that / G BMO 2 and £f = £. For each Calderon-Zygmund set R there exists a set 
R' in TV such that R C R'. For every function g G g we have that 


[ fgdp = {£,g), 

JR 
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and then the restriction of / on i? is equal to /^. In particular it follows that 

< 


Jr 

^ \\n\ 


<CM. 

This shows that / S BMO 2 and ||/||_bm 02 ^ C' ||£|| , as required. 
The proof in the case p 7 ^ 2 is similar and then it is omitted. 


We now prove a boundedness theorem on a Calderon-Zygmund space for integral operators which satisfy 
the same hypotheses of Theorem 13.21 


Theorem 3.10 Let {X,fj,,d) be a Calderon-Zygmund space which satisfies condition (C). Let T be a 
linear operator as in Theorem \S.2i Then T is bounded from H^’'^ to L^{iT), for all 1 < q < 2. 


Proof. Let q be in (1, 2]: we claim that there exists a constant A, which depends only on the norm of 
T, such that ||Ta||i < A for each (1, g)-atom a. 

Let a be a (l,( 7 )-atom supported in the Calderon-Zygmund set R. Recall that R C B(xo, nor), for 
some a;o in X and r > 0, and denote by R* the dilated set of R. We need to estimate the integral 
Is \Ta\dfi. 

We hrst estimate the integral on R* by Holder’s inequality: 


\Ta\d^,<\\Ta\Uf^{R*y/'^' 

|||T|||,||a||,p(i?)W 

= IliTlII, . (3.5) 


We consider the integral on the complementary set of R* by using the fact that a has average zero: 


I R‘ 


\Ta\ dp < 


i(R-r 

f 

<(R’Y 


IR 


K{x,y)a{y)dp{y) dp{x) 

[K{x,y) - K{x,xo)]a{y)dp{y) dp{x) 


IR 


< / \K{x,y) - K{x,Xo)\\a{y)\dp{y)dp{x) 

J{R*Y JR 

= [ |a(2/)l( [ \K{x,y) - K{x,xo)\dp{x)) dp{y) 

JR ^J(R*Y ' 


< ||a||i sup 


y^Rj{R»Y 


\K{x,y) - K{x,xo)\dp{x) 


<C, 


as required by the claim. 

Now let g be in H^J^. There exists a decomposition g = XjOj such that IA 7 I < + £ 

and Oj are (1, g)-atoms. Since the operator T is of weak type (1,1) we have that Tg = Taj, whose 
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series converges in Thus, 

||T5||i<^|A,||lra,||i 

3 

3 

< + e). 

This shows that T is bounded from to L^{n). ■ 


Corollary 3.11 Let {X, fi, d) and T be as in Theorem \3.1(A If T satisfies estimate then it is 

bounded from to L^(/r), for all 2 < q < oo, and from L°°{p) to BMOp, for all 1 < p < oo. 

Proof. Suppose that 2 < q < oo. By Remark 13.41 it follows that T is bounded on By arguing as 

in the proof of Theorem 13. 101 we may prove that T is bounded from H^'‘> to L^{p). 

Suppose that 1 < p < oo. Since the adjoint operator T' is bounded from to by duality 

it follows that T is bounded from to BMOp. ■ 


3.2 The CZ decomposition in Damek—Ricci spaces 

In this chapter we prove that Damek-Ricci spaces are Calderon-Zygmund spaces. 

The simplest example of Damek-Ricci spaces are the ax-\-b -groups, whose Calderon-Zygmund theory 
has been studied by Hebisch and Steger m- We now recall their main ideas. 

Let S = M.‘^ X R+ be an aa;-I-6-group. Hebisch and Steger introduced a family of admissible sets which 
are products of dyadic cubes in and intervals in R+. More precisely, a rectangle Qm ^ (oo/?', oor), 
where is a dyadic cube in oq G R'*', r > 1, is admissible if 

aj/ <2^ < if r > e , (3.6) 

and 

log r < 2^ < log r if 1 < r < e , (3.7) 

and /3 is a constant > 1 -|- log 2 . 

Note that admissible sets are rectangles either big, if r > e, or small, if r < e. By using the properties 
of the metric, one can prove that these sets satisfy property (i) of Definition 13.11 More precisely, each 
admissible set R = x {ao/r, oq r) is contained in a ball of radius kq logr and p{R*) < kq p{R), where 
R* = {{n,a) G S : d((n,a),i?) < logr}, for an appropriate constant kq. 

A noteworthy property of admissible sets is that every admissible set, either big or small, can be split 
up in a finite number of admissible sets. More precisely, given an admissible set R — x (ao/r, oor), 
we may split up R either in the union of 2'^ admissible subsets x (oo/r, aor), where are 2'^ 

dyadic subsets of Qmj union of two admissible subsets ^ {o-o/p^clo) and x (ao,aor). 
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This “splitting property” has an important role in the Calderon-Zygmund decomposition: it allows to 
reproduce the standard “stopping argument” of the classical Calderon-Zygmund decomposition in this 
context. 

Now let us consider a partition P of S' in admissible sets. If we split up each set in V as described 
above, then, by iterating the process, we find a sequence {'Pj}j of partitions of S in admissible sets such 
that: 

(i) Vo = V; 

(ii) each set in Vj is the union of at most 2^ sets of the partition Vj+i of equal measure; 

(iii) if {Rj}j is a sequence of sets such that Rj G Vj and 

Rq a Ri ^ ... ^ Rj ^ Rjj-i ^ ..., 

then the diameter of Rj tends to zero as j tends to oo. 

Let TZ denote |J^ Vj. It is easy to see that for all a; G S' and j G N there exists a unique set Rj G Vj 
such that X G Rj. The sequence {R]}j is decreasing. For every / in and j G N we define the 

operator £j by 

By a standard argument, one can show that the maximal operator M^, which is defined by 

M'^f{x)= sup / I/I dp V/gLio^(p), 

Ren,xeR P[H) Jr 

is of weak type (1,1) and that for every locally integrable function / 

lim £jf{x) = f{x) for almost every x £ S. 

j^+oo 

By using the maximal operator M^, the operators £j and a classical stopping argument, Hebisch and 
Steger m defined a Calderon-Zygmund decomposition of integrable functions on ax + 6-groups. 

Now let S be a Damek-Ricci space. We shall prove that {S,p,d) is a Calderon-Zygmund space. 
The idea is to generalize the Calderon-Zygmund decomposition in [37] to this context, but this is not an 
obvious generalization. It is tempting to extend the definition of admissible sets from ax-\-b -groups to the 
space S by strict analogy. This would lead us to define an admissible set R as a product x (oq /r, oq r ), 
where is a dyadic set in N and qq £ A, which satisfies conditions that are strictly analogous to (13.61) 
and dUl). In particular for small sets we would obtain the condition 

^ log r <ff < e^^ log r if 1 < r < e, 

where /3 is an appropriate constant and p is as in Theorem 12.41 Unfortunately this does not work. 

Indeed, given a small set R defined as above, it is contained in a ball of radius C log r and p{R) x 
(logr)^'5-i-i^ It is clear that ao),logr) C i?*, where R* = {a: G 5 : d{x,R) < logr}, and then 

p(i?*) >71 a? (logr)". Thus, 

> (^(logr)"-^*^-! = C(logr)-’"^ 


Vr G (1, e). 
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The quantity above is bounded by a constant kq (which is required by Definition 13.ip if and only if 


ruj = 0, i.e. if n is abelian. This holds only in the case where S is an ax + &-group. 

Then, in Damek-Ricci spaces we need a new definition of small admissible sets. A small admissible 
set is a set in the family i.e. a geodesic ball of radius less than 1 / 2 . 

On the contrary the definition of big admissible sets is an extension of big admissible sets of Hebisch 
and Steger. 

A big admissible set is a set in i.e. a set R = x (oo/r, oor) , where Q* is a dyadic set in N, 
ao G A, r > e, 



(3.9) 


and /3 is a constant > max {3/2,1/4 -|- log 77 ,1 -I- log {c^/cn) } , where C 3 , 77 , cn are the constants which 
appear in Proposition 1 1. bl and Theorem 12.41 

We now investigate some geometric properties of big admissible sets, which correspond to property 
(i) in Definition [XT] 

Proposition 3.12 Let R denote the big admissible set x {ao/r,aor) and let C 3 , cjv, Cn, ij be as in 
Pro'Dosition \1.6\ and Theorem \2.4\ (H). The following hold: 

(i) there exists a constant Cn,p such that R C B(^{n^,ao),CN,p logr); 




Proof. To prove (i), note that by Theorem 12.41 fijl 

RC Bn (n^, Cn rf) x (ao/r, oq r), 


which, in turn, is contained in (tt^, CAroy^r^^) x (ao/r^aor) by the admissibility condition (13.9p . By 
the left invariance of the metric and Proposition [TX] (ii), 


R Q ■ [BN{0N,CNr'^^) x (l/r,r)] 

C (na,ao) ■ [^(e,C'Ar ,;3 logr)] 

= B{{ni,ao),CN,i3 logr) , 


(3.10) 


as required. 


We now prove (ii). Since p{R) = \Qa\ logr and by Theorem 12.41 fiil 


\Bn{Qn, l)h'' 5 /c < cf \Bn{Qn, 1)1 logr . 


Since a^^r^ < 77 ^ < ^ (ii) follows. 


To prove (hi), we observe that 


R* = (J B{{n,a),logr) . 


{n,a)^R 
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By using the left invariance of the metric and Proposition 11.61 (i), we obtain that 

B((n,a),logr) ={n,a)- [B{e,logr)] 

C (n, o) • [BN{0N,C3r) x (l/r,r)] 

= B]si{n^ C 3 x (a/r, ar) \l{n,a) G R . 

Since (n, a) is in R and R is admissible, we see that 

(a/r, or) C (ao/r^,aor^) 


and 


Thus 

Finally, 


as required. 


BM{n,c^a}/'^r) C Ba?( n,C3 

C BN{n^,C3al^'^r^ +Cnv'') 
CB^(n^,(c3 + Cw)r?'=). 


R* C BAr(n^,(c3 + C'Ar)?7'') x {ao/r'^,aor‘^) ■ 


^ / C 3 + Cjv \^Q 

“ V Cat / 


|-BAr(n^,CAr?7^)l log?' 
p{R), 


Remark 3.13 Let R = x (ao/r, oor) be a big admissible set. We have defined either the dilated 
set R = X {ao/r'^,aor'^) or the dilated set R* = {x G S ■. d{x,R) < logr}. They contain R and 
their measures are comparable. Note that they are different and R is not contained in R* and R* is 
not contained in R. Nevertheless there exists a set R** = (03 + x {qq/ r~>, ao ) which 

contains either i? or R*. 

We remarked that an important property of admissible sets in ax + 5 -groups is their “splitting prop¬ 
erty”. In generic Damek-Ricci spaces only big admissible sets satisfy a “splitting property” which is 
analogue, but not equal, to the ax + 6-case. Indeed, most (but not all) big admissible sets may be split 
up in a finite number of mutually disjoint smaller subsets which are still admissible. 

Lemma 3.14 Let R denote the big admissible set x (ao/rg, ao?'o) and let rj, M,n^, cm, Cm be as in 
Theorem \2.4\ The following hold: 

(i) if ri^~^ > ay^r^, then there exist J mutually disjoint big admissible sets Ri,...,Rj such that 
2 < J < M, R = UiLi Ri and 

{cN/{vCN)y^p{R)<p{Ri)<p{R) i = 1,..., J; 
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(ii) if rj^ ^ < ay^r^ and r > , then there exist two disjoint big admissible sets Ri and R 2 such that 

i? = i?i U i ?2 and p{Ri) = p{R)/2, for i = 1, 2; 

(Hi) if < ay^r^ and r < e^, then there exists a constant <7 n,p such that 

5((n^,«o),l) CiiCB((n^,ao),aAr./3). (3.11) 

Proof. To prove (i), suppose that > ay^r^. We split up R in the following way: let 

i = 1,J be the subsets of as in Theorem 12.41 12 < J < M). Define 

■Ri = X (ao/'ro,aoro) i = l,...,J. 

Since 77 ^“^ > ay^r^, the sets Ri are admissible. Obviously R = UiLi -R* p{Ri) < p{R). By Theorem 

1131(11) 

p{Ri) = \Qy^ \ logr 

> |BAr(OAr,Civ 77 ''“^)| logr 


Bn (Oat, (cat /(q Cn)) Cn 


logr 


> {cNl{jlCN)f'^\BN{f)N,CNqy log r 


> {cN/{qCN)y^p{R), 

as required. 

To prove (ii), suppose that q^~^ < ayr^ and r > e^. Then by the admissibility condition (12.4L 


y^r^ <q^< qa^r^ . 


(3.12) 


Define i?i and i ?2 by 

■Ri = Qa X (aoA, ao) and i ?2 = Qa x (oq, oq r). 

Clearly Ri and i ?2 are “centred” at {n^,a^)/^/r) and {n^,ao^/r) respectively. Note that ^ > e. To 
prove that i?i and i ?2 are admissible we use (13.1211 : 

{a,lV~ry{V-rf < a^r^ 

= q-\^-^iyayrf^ 

>77-V-i/4^'= 

> q^ . 


This proves that R\ is admissible. The proof of the admissibility of i ?2 is similar and is omitted. Obviously 
i? = i?i U i ?2 and p(i?i) = p{R)/2, i = 1,2, as required. 

We now consider (iii). Suppose that q^ < qay^r^ and e < r < e^. By the admissibility condition 
(1^ and the left invariance of the metric we have that 

R C BN^a^ Cn q^) x {ao/r, oq r) 

C BNyf(L^CN ay^ry X (ao/r,aor) 

= (n((,ao)- [Bw(Ojv,C'Arr'‘^) x (l/r,r)] . 
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Since r < and by Proposition [T^ (ii) we conclude that 

(na,ao)- [Bn( 0 n,Cn x (l/e^,e^)] 

C B((n^,ao},crN,/3) , 

where (Jn ,0 depends only on /3 and Cn- Similarly, (El) and the left invariance of the metric imply that 

RO BM{n^a^CNrf) x {ao/r,aor) 

2 BN{n’^,CN x (ao/r,aor) 

= {n'^,ao) ■ [Bw(Ojv,cjvr-^) x (l/r,r)] . 

Since r > e and by Proposition II.61 we conclude that 

R2 (f^QjOo)- [Bn{ 0 n,cn x (1/e, e)] 

D B{{n'l,ao), l) , 

as required. ■ 

For later developments it is useful to distinguish big admissible sets that satisfy condition (i) or (ii) in 
Lemma 13.141 which may be split up in a finite number of smaller big admissible sets, and big admissible 
sets that satisfy condition (iii) in Lemma 13.141 which cannot be split up in that way. 

Definition 3.15 A big admissible set x (oo/r, oor) is said to be divisible if either ri^~^ > ay^r^ or 
r >e^. 

A big admissible set x (ao/r, oor) is said to be nondivisible if ri^~^ < and r < e^. 

Next we show that there exists a partition of S which consists of big admissible sets whose measure is as 
large as needed. 

Lemma 3.16 For all a > 0 there exists a partition of S which consists of big admissible sets whose 
measure is > a. 

Proof. As a first step, we choose rp > e and ko G Z such that r^^ logro > ^ and rf? < 

|Sn-(0n-,1)| 

^ko ^ ^4/3^ ^0 ^ Qko X (l/ro,ro), a G Iko, are big admissible sets and 


= logro 

> \B{0n, 1)1 logro 

> |S(0jv,l)|ro'^‘^ logro 

> a Va e /fco . 


Then the sets , a G Ikg, give a partition of the strip N x (l/ro,ro) which consists of big admissible 
sets whose measure is > cr. 


Next suppose that a partition of a strip N x (a„/r„, a„ r„) which consists of admissible sets whose mea¬ 
sure is > cr has been chosen. Then we choose r„+i > e and kn+i G Z such that [ 0 ]/^ r^_|_^)^^ logr^+i > 


4^^ |B(0jv.l)| 


and r^ 

ana 


< 7?'=! < allyry.^, where a„+i = a„r„r„+i. The sets i?”+^ = Qo 


.+1 


X 
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(fln ^n, a„+i r„+i), a € Ik^+n s-re big admissible sets whose measure is > a. They give a partition of the 
strip N X (onr„,a„+ir„+i). 

By iterating this process we obtain a partition of x (ro,oo). By a similar procedure, we define a 
partition of x (0, I/tq) which consists of big admissible sets with the required property. ■ 


We need a geometric lemma concerning intersection properties between balls and “big nondivisible 
sets”. 

Lemma 3.17 Let B be a ball of radius 1/2 < R < 7 / 2 , where 7 is the constant which appears in Section 
\2.‘A Let be a family of mutually disjoint nondivisible big admissible sets. Then: 

(i) if B O Fi ^ then p{B) > 2“" ( 71 / 72 ) p{Fe); 

(a) the ball B intersects at most (' 1 / 2 / 71 ) sets of the family {Fi}(, where o'N,p is the 

constant which appears in Lemma \3.14\ 

Proof. Let xq be the centre of the ball B. Note that B{xo, 1/2) C B C B{xq, 7 / 2 ). By (13.111) there exist 
points yi such that B[yi, l) C C B[yi, aN,p). 

To prove (i), note that 

piB) > 71 ri(xo) i?" > 71 S-^{xo) (1/2)” , 

while 

p{Fg) < 6~^{ye) p{B{e, aN, /?)) <72 . 

li B O Fi ^ then d{xo, ye) < 7/2 + cr^v.^s, and so S{yeXQ^) > 3 + 7 / 2 )^ Therefore 

p{B)/p{F,) > 2-" ( 71 / 72 ) ^ 

as required in (i). 

To prove (ii), note that k, then i?(?/f, l) nB(yfe, l) = 0, since FfDFfe = 0. Now let T = {I ■. BOFt ^ 
0}. Obviously, if I is in I, then B{ye, 1) C B{xQ,"fl2 + 1 + cfm,p), so that 

IJ B{ye, 1) C B{xo,^/2 + 1 + crw,/?) . 

£gi 

Now consider the left invariant measure of the sets above: 

ttl • A(F(e, 1)) < A(F(e, 7/2 + 1 + aN, p)) • 

Then B intersects at most 

ttl < A(F(e, 7/2 + 1 + aw./ 3 ))/A(B(e, 1)) 

< ( 72 / 71 ) 

sets of the family {Fe}e, as required. ■ 

We now prove that {S, p, d) is a Calderon-Zygmund space. The ingredients are similar to those in the 
proof of m Lemma 5.1 ]: the admissible sets, the maximal function, a stopping argument. Our proof is 
much more complicated because big and small admissible sets have a different structure and the “splitting 
property” is more complicated. 
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Theorem 3.18 Let S be a Damek-Ricci space. Then {S,p,d) is a Calderon-Zygmund space. 

Proof. Let / be in L^[p) and a > 0. Our purpose is to define a Calderon-Zygmund decomposition of / 
at height a . 

Let P be a partition of S which consists of big admissible sets whose measure is > ||/||li(p) /a (it does 
exist by Lemma l3. 1611 . For each i? in P we have that /^ |/| dp < a. 

Now we split up each divisible set ii in P into big admissible disjoint subsets i?i, i = 1,J, such 
that 2 < J < M, as in Lemma 13.141 If |/| dp > a, then we stop, otherwise, if Ri is divisible, 

then we split up Ri and stop when we find a subset E such that ■^Ie - a. 

By iterating this process, we obtain the family {Ei}i of the stopping sets. The sets Ei have the 
following properties: 

(i) Ei are mutually disjoint big admissible sets; 

(ii) ^/isj/|dp> a; 

(iii) for each set Ei, there exists a set P' such that I/I dp < a and p{E[) < max {2, (p Cat/cat p[Ei). 

Then 

^ I/I < max {2, (nC,lc„C} ^ |/| dp 

<max{2 , [pCn/cnY^] a-, 

(iv) the complementary of the IJ^ Ei is the union of mutually disjoint nondivisible big admissible sets 

{Fi}i such that ^ |/| dp < a. 

By Proposition 13.121 for each set Ei there exists a poistive number r/ such that Ei is contained in a 
ball of radius at most Cn,p logr/. Moreover the sets E* = {x € S ■. d{x,Ei) < logr/} have measures 
p(P*)<(^) p{E.). 

Let gf,Ef and h be defined by 

h = fxiUiEir ■ 

By (iii), \gf \ < max {2, (j] Cn/cnY^} ct. Each function is supported in Ei and its integral vanishes. 

By (iii) the L^-norm of Pj is 

\\b}\\LHp)<2 [ \f\dp 
JEi 

<2max{2 , (pCat/c/v)^^} Qfp(Pi), 

and 

^p(P2 )<^^/ I/I dp 
. II/IIli(p) 


a 
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It remains to define a suitable decomposition of the function h. 

Let = {x G S' : M'^°h{x) > a}. For each point x G we choose a ball Bj; in PP such that 
/b. I^I dp > a and 

p{Bx) > ( 1 / 2 ) sup |p(B) : B Gn°, X G B, J \h\ dp > a| . (3.13) 

Now we select a disjoint subfamily of {Bx}x- 

We choose B^^ such that p{Bxj^) > (1/2) sup{p(i?a;) : x G } . Next, suppose that B^.^,..., B^^ 
have been chosen. Then B^^^^ is chosen so that it is disjoint from Bx.^,...,Bx^ and p{Bx^^i) > 
(1/2) sup{p(B:j,) : X G 0°, Bx n Bxi = ^, i = 1, •■•,«-} • 

We have that M, B^. C C M. B^., where B^. = B{cx,,"irxA and 7 is the constant which appear in 
Sectioning 

Indeed, each set Bx^ is contained in by construction. Moreover, for each point a; G either 
Bx = Bx^g C Bxjg for some index jo or Bx ^ Bx^ for all j. In this case there exists an index jo such that 
Bx n Bxjg 7 ^ 0 and p{Bx) < 2 p{Bxj^). Since 7?.° is nicely ordered, x € Bx C B*.^. 

NowsetGj = Sxj n Gfe)^n i3a;^)'^nO°. It is easy to check that the sets G^ are mutually 

disjoint and that Bx^ C Gj C Bx ^, so that their measure are comparable. Moreover IJ^- Gj = 0 ° . 

Indeed, on the one hand, (J^- Gj C 0° by construction; on the other hand, if x is in 0°, then there 
exists an index jo such that x is in Bx^^. Now either x is in Bx^ for some index £ > jo (and then x is in 
G() or X is in Gk for some index k < jo or x is in Gj^. 

We claim that 

f |h|dp<G2"(72/7i)^'5(3-A^,.+7+i)„^ (3.14) 


where G is the constant which appears in Section [221 To see this fact, we first observe that 


1 


PiGj) 


\h\dp<C 


1 


3) JGi 


p{Bxj) 


\h\dp. 


(3.15) 


To estimate this average we shall distinguish two cases. 

First suppose that Bx, is in P°. Since p{Bx^) < 2p{Bxj), by (13.1311 


1 


p{Bxj) 


f \h\ 

JB^., 


dp < a. 


(3.16) 


Next suppose that Bx^ is not in 72.°. Then 1/2 < < 7 / 2 . Hence we may apply Lemma 13.171 to the 

ball B%. and the family of nondivisible big admissible sets {Fiji. Let 2 = {£ : Bx^ O Eg ^ 0}. Since h is 
supported in IJ^ Fi, by Lemma 13.171 we obtain that 


1 

p{Bxj) 


1^1 dp = ^ I [ \h\dp 

idi P\BxN 

<5^2- (72/71) e0(2-«, .+ 7 / 2 ) 1 f dp 

p{Ff) Jf, 

< j)I • 2" (72/7i)e'5(2'"'^-''+'>'/^)a 

< 2” (72/7i)%‘5(°'""’''+'>'+^)a. 


(3.17) 
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By (13.151) . (13.161) and (13.171) the claim follows. 

Each set Gj is contained in the ball and G* = {x € S : d{x,Gj) < C (7 + 

then there exists a constant C* such that p{G*) < C* p{Gj). 

We now define the decomposition of h: 

9H = h X(oo )c + ^ ft dp) XG, , 

By (lirra . Ip,.! < <72" ( 72 / 71 ) %*3(3<Tw,/3+7+i)a on each set Gj and \gh\ = \h\ < a on {Olf. Each 
function 5^ is supported in Gj and its integral vanishes. The L^-norm of the functions 5^ is 

||& 1 IIli(p) < 2 f \h\dp 

JGj 

< 2 ( 72 " {J 2 / 11 Y ap{Gj). 

and 


Y.piGj)<p{oi) 


< - jM ’’^ |||li(p);L1.~(p) ||/i||li(p) 

< - jM '’^ |||li(p);L1.~(p) ||/||li(p) , 

since is bounded from L^{p) to L^'°°{p). 

Then / = + p/j + ^ bj^ is a Calderon-Zygmund decomposition of the function / at height 

a, where the Calderon-Zygmund sets are the sets {Ei}i and {Gj}j . The Calderon-Zygmund constant 
of the space is 

'C3 + Gn\'^Q 


kq = max| 2 , {rj Gn/cn^^, Cn, 0 , 1 , 


C2" ( 72 / 71 )^ G* 








3.3 The Hardy spaces and BMO spaces on ax + 6-groups 

In Section o we introduced the Hardy spaces and the BMO spaces in a generic Calderon-Zygmund 
space. 

Let S' = X M+ be an ax + 5-group and let TZ denote the family of Calderon-Zygmund sets, which 
are admissible sets satisfying conditions (EH) and (1X71) . The family 72. satisfies the additional condition 
(C). 

Indeed, for all fc > 2 we choose a number > e such that < 2^ < We define 

Rt = Qtx (1/rfe, Tk) Vm e Z^ (3.19) 

where are the dyadic cubes in R"^. Set 72' = ljfe >2 It satisfies the following properties: 













3.3. THE HARDY SPACES AND BMO SPACES ON AX + B -GROUPS 


57 


(i) if n ^ 0 and k > t, then R^ C ; 

(ii) if i? = X {ao/r, qq r) is an admissible set, then there exist k > £ and m G such that R C 
Indeed, we may choose k > £ such that (ao/r, oor) C {l/rk,rk). In this case, there exists m G 
such that Ql ^ Q^. 

Thus the condition (C) is satisfied. 

So far we have defined spaces H^'^ for all 1 < g < oo. In this context we can also define a space 

Hl,oo 

Definition 3.19 A {l,oo)-atom on S is a function a in L^{p) such that 

(1) a is supported in an admissible set R; 

(ii) ||a||oo < ifq = oo; 

(Hi) Jg adp = 0 . 

Remark 3.20 (1) If a is a (l,oo)-atom supported in R, then 

ll«llp = (kr dp) < ||a|U • 

(2) If a is a (1, oo)-atom, then a is a (1, g)-atom for all q G (1, oo). 

Definition 3.21 H^'°° is the space of all functions f in L^{p) such that f = where aj are 

{l,oo)-atoms and Xj are complex numbers such that l^tl < oo- denote by ||/||//i,oo the infimum 
of I over all decompositions f = where aj are (1, oo)-atoms. 

Next we prove that all the spaces 1 < g < oo, are equivalent. We have already remarked that each 
(1, oo)-atom is a (1, g)-atom, for g G (1, oo), hence it is in H^’‘^. The following proposition shows that the 
converse is true: the proof is similar to the proof of [m Theorem A] given by Coifman and Weiss in the 
case of spaces of homogeneous type. 

Proposition 3.22 Let q G (1, oo) and a be a (1, q)-atom. Then a is in H^'°° and there exists a constant 
Cq, which depends only on q, such that 

||a||_yl,oo < Cq . 

Proof. Let a be a (l,g)-atom supported in the admissible set R. We define b := p{R) a. Note that 
6 gL9(p) and \\b\\q < p{R)^/E 

Let a be a positive number such that a > max{l, M~^l^ 2 '^}, where M is the number of admissible 
sets in which we may split up a given admissible set (M = 2^^). It suffices to prove the following lemma. 

Lemma 3.23 For all n G N there exist functions hj^ and admissible sets Rp, ji G £ = 0, ...,n 
such that 

n— 1 

b=J2M^ 2^ 0^+1 ^ p{R%) a,, + ^ , 

i=o ii in 

where the following properties are satisfied: 

(i) Oj^ is a {l,oo)-atom supported in Rj^; 
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(a) hj^ is supported in Rj^ and Jg hj^ dp = 0; 

(to I’ ^ 2 " a"; 

H E,„ \\hjX<2<^-\\b^; 

i'^) \^3n{^)\ ^ 1 ^( 2 ^)! + 2^ a'^ XRj„{^) G *5; 

M E,„ P(i?]J < «0 M-+1 a-"« ||6||«, 

where kq is the Calderon-Zygmund constant of the space S. 

Before proving the Lemma 13.231 we conclude the proof of the Proposition 13.221 Let hj^. We 

prove that iL„ S L^{p) and that its L^(p)-norm tends to zero when n tends to 00 . Indeed, by Holder’s 
inequality 

jn 

jn 

where q' is the conjugate exponent of q. Now by properties (iii) and (vi) in Lemma 13.231 we have that 

jn 

= ^p{Rj„)M^/^ 2 ” a” 

jn 

< Ko M-^+^ \\h\\lM^/<^ 2^ 

< Ko M{2 ai-«)”p(i?), 

which tends to zero when n tends to oo, since a > 2'^. Thus, 

OO 

b = ^M^ 

e=o ji 

where the series converges in L^{p). It follows that 

OO 

a = h = E 2 ^ E P(Rl)<^n ■ 

(■=0 u 

By Lemma 13.231 (vi) we have that 

OO OO 

E 2^ E P^^u) ^ ^0 E 2^ 

ji 1^0 

oo 

<koM~ a'^^(2M~^ 
e=o 

= Cg, 

because a > 2 ~, where Cq depends only on kq, M, q, a. 
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Since are (1, c»)-atoms, this shows that a G H^’°° and that 

||a||//i,oo < Cg , 


as required. 


Thus, to conclude the proof of Proposition 13.221 it remains to prove Lemma [3.231 

Proof. Let P be a partition of S in admissible sets which contains the set R. We prove the Lemma 
by induction on n. 

Step n = 1. We choose Rq = R. Since b = p{R) a and a is a (1, ( 7 )-atom we have that 




p{R) 

Now we split up the set R in at most M admissible subsets. If the average of | 6 |'J on a subset is greater 
than then we stop; otherwise we divide again the subset until we find sets on which the average of 
\b\‘^ is greater than a^. We denote by C the collection of stopping sets. Now we distinguish two cases. 

Case C ^ 0. Let C = {Ri : i G N}. The average of |6|'^ on each set Ri is comparable with a'^. Indeed, 
by construction we have that 

f | 6 |«dp>a«. 

JRi 


p{Ri) 


On the other hand, there exists a set i?' which contains Ri such that p{Ri) > and /jj, \b\‘^ dp < 
a^. It follows that 




\bVdp< 


M 


| 6 |«dp< Ma«. 


'R', 


Now we define 


9{x) = 

hi{x) = 


b{x) if 2 ; ^ Ui Ri 

j^Jj^^bdp iixGR, 

0 if a; ^ 

, -I^Ri A X G Ri Vi G N. 


Obviously 


b = g + J2^^= + E 

i i 

= M^/‘>ap{R*o)ao+Y,h^, 


(3.20) 


where oq = a~^ p{Rq)~^ g. 

First we prove that oq is a (I,oo)-atom. Obviously oq is supported in R and its average is equal to 
zero. Now we find pointwise estimates of g. For all x G Ri 

-imL 

In order to estimate g on the complementary of we may consider the operators £j associated to 

the partition V as in (13.81) . For each a: ^ IJ - we have that 


£,{m{x)<a^ 


VjGN; 
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so we obtain that 

\g{x)\ = |6(a;)| 

= lim \£jb{x)\ 

< lim £j\b\{x) 

< lim (fj(|6|«)(a:))i/« 

< a for almost every x ^\^Ri. 

i 

This allows us to conclude that 

llaolloo < a < p{Ro)-^ . 

Thus ag is a (l,oo)-atom. 

Now we verify that properties (ii),...,(vi) are satisfied by functions hi. Each function hi is supported 
in Ri and has average zero. Moreover 

\\hi\\q < \\b\\Li(R,) + \b\ dp 

= 2||&||L.(fl.)- (3.21) 

By summing estimates (13.211) over i S N we obtain property (iv): 

Y.\Ml<2‘>Y.\\b\\l,^^^^<2‘^\\b\\l 

i i 

since the sets Ri are mutually disjoint. From estimate (13.211) follows also property (iii): 

\h,Vdp<2<^^ j |6rdp<M2^a«. 

P{Ri) J Ri P{Ri) JRi 

The pointwise estimate (v) of hi is an easy consequence of Holder’s inequality, since for all x £ Ri 

\hi{x)\ < |6(a:)| + |5| dp 

<\b{x)\Y p{Ri)-^ p{Rif/'^' 1^1 dp) 

< |6(a;)| + a 

< |6(a;)| + 2 a Xij, (cc). 

It remains to prove property (vi): 

Y^p{R*) < KoY^p{Ri) 

i i 

<«:oa"«V/ l&^dp 

, Jr. 

<Kga-^\\b\\l 










3.3. THE HARDY SPACES AND BMO SPACES ON AX + B -GROUPS 


61 


This concludes the proof of the first step in the case C ^ 0. 

Case C = 0. In this case it suffices to define Rq = R, g = b and hi = 0 for all t G N. It follows that 

b = a p{Rq) ao , 

where ag = a~^ p(Rq)~^ b. It is easy to verify that |6(a:)| < a almost everywhere on S. Then 

llaolloo < piKy^ a~^ a < , 


and ag is a (1, oo)-atom. 

Inductive step. Suppose that 

n—1 

b = Y,M^yy+^Y. PiRj>n + E ’ 

(=0 je jn 

where functions and sets Rj^ satisfy properties (i),- ■ • We shall prove that a similar decom¬ 

position of b holds with n -|- 1 in place of n. To do this we decompose each function hj^. Let us choose a 
multiindex j„. By property (iv) the average of on Rj^ is less or equal to M" 2"* . Now we 

split up the set Rj^ in at most M admissible subsets and we stop if we find a set on which the average 
of is greater than M” 2”® q;(”+i) 9 . Let be the collection of stopping sets. We distinguish two 

cases. 

Case Cj^ ^ 0. Let = {Rj„p : i G N}. The average of on each set Rj„p is comparable with 

M" 2""? Indeed, by construction we have that 


^ [ |/i,J« dp > M”2”« 

Pn,i) 


P(^. 

On the other hand, there exists a set R'j^^i which contains Rj„p such that p{Rj„p) > 
Ir' dp < 2”« «(”+!)<?. It follows that 


PiRj, 


[ \y„ r dp < / \y„ r dp < 2-^ . 

'.H JRi^.i Piyn,i)jRL< 


Now we define 


Pjn (x) = 
hjr.Ax) = 


. P(«L.i) ^Rjrr .i ^ ^ 

0 if X ^ Rj^^i 


Obviously 


n—1 


6 = ^ 2^ ^ p{Rl)a,, + 2" a"+i ^ p(i?*Ja,„ + ^ h,„,i , 


(3.22) 




where aj„ = M ~ 2“” a~"~^ p(Ry)~^ gj^. 

First we prove that aj^ are (1, oo)-atoms. Obviously aj^ is supported in and has average equal to 
zero. We now find pointwise estimates of gj^. For all x G Rj^p 

1 i 


\9jAx)\ < 


pi^jn,i) JRj. 


\hydp<M 1 2 


n „n+l 



62 


CHAPTER 3. CALDERON-ZYGMUND THEORY 


In order to estimate gj^ on the complementary of IJ^ observe that for each x ^ IJ^ Rjn,i have 

that 

< M” 2”« Vj G N, 

and so we obtain that 


\9jnix)\ = \hjjx)\ 

= lim \£jhj„{x)\ 

J—>-+oo 

< lim {£j\hjJ‘>{x))^/‘^ 

< 2" for almost every x Rjn,i ■ 

i 

This allows us to conclude that 


WO'jn Iloo < AI 




p{R* M— 2"a”+^ < p{RjJ 




and then that aj^ are (1, oo)-atoms. 

Now we verify that properties (ii),...,(vi) are satisfied by functions Each function hj^^i is sup¬ 

ported in and has average zero. Moreover 

\\hj„,^\\q < —V / \hjAAp 

= (3.23) 


Thus, by summing estimates (I3.23|) over G N" x N, and using inductif hypothesis, we obtain 

property (iv): 

{E,i) E 

since the sets are mutually disjoint. From estimate (13.231) follows also property (hi): 


1 

Pi^jrv,i) 




Pi^jn.i) 



IhjJ'^dp 


q,("+1)9 . 


The pointwise estimate (v) of is an easy consequence of the Holder’s inequality and inductif hypoth¬ 
esis, since for all x G Rj^,i 

\hj^A^)\ < \hjAx)\ + - 7 ^ —r [ \hj„\dp 

< \h3„{x)\ + p{R3r,,i)~^ p{Rjr.,if''^\ [ IhjJdp'^ 

< |/ij„(x)| -hM^2"a”+i 

< \bix)\ + M"/'? 2^^ a’^ -h 2” a"+^ 

< \bix)\+M^2-+^a-+^XR3^,A^)- 
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It remains to prove property (vi): 

jn,i jn,i 

< Ko M-^ 2-"9 V [ \hj^ |« dp 

jn 

Cose Cj^ = 0. In this case it suffices to define gj^ = hj^ and = 0 for all i G N. 

This concludes the proof of the fact that (I3.22p gives a decomposition of b which satisfies the required 
properties. 

Then the lemma is proved by induction. ■ 

From Proposition 13.221 the following corollary follows. 

Corollary 3.24 For all q G (l,oo), we have that H^'’^ = H^'°° and norms || • ||iji,9 and || • o.re 

equivalent. 

Finally we can define the Hardy space on S as follows. 

Definition 3.25 The Hardy space H^ is the space H^ = H^’’^, for all q G (l,oo]. IFe denote by || 
the norm || • ||^fi,<x>, which is equivalent to each norm || • for all q G (I,oo). 

We have defined BMOp spaces on S' for 1 < p < oo. We also define the space BMOi. 

Definition 3.26 BXiOi is the space of all functions in such that 

/ l/-/fl|dp<oo 

R P\R) Jr 

where the supremum is taken over all admissible sets. The space BMOi is the quotient ofBMOi module 
constant functions. It is a Banach space with the norm defined by 

WfllsMOi = ®’^P I ~ ^ admissible setj . 

Remark 3.27 It is clear that BMOi possesses the properties (i)-(iv) of Remark 13.81 

In Theorem 13.91 we proved that the space BMOp is the dual of H^ p , for 1 < p < oo. The same duality 
result holds for BMOi and H^’°°. To prove this fact we use the equivalence between H^’°° and 
which holds in the particular case of ax + 6-groups. This is the reason why we did not define the spaces 
BMOi and in a general Calderon-Zygmund space. 

Theorem 3.28 The space BMOi is the dual of H^'°°. 

Proof. The proof that each / in BMOi represents a bounded linear functional £/ on H^’°° is the same 
as the proof of Theorem l3.9l and it is omitted. 

Now we prove the converse inclusion. 
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Let i be in (H^’°°y. Our purpose is to define a function / in BMOi such that if = £ and ||/||bmOi < 
C\\i\Um,^y. 

For each admissible set R we denote by Lj^ the set of all functions in L'^{p) supported in R and by q 
the subspace of functions whose integral is zero. If g is in q, then the function a = p{R)~^ llffll^^5 is 
a (l,2)-atom. Then, since and H^'°° are equivalent, the functional i is bounded also on H^'^ and 


\{i,9)\ < p{R) hh \\i\\{m'0' ■ 

This shows that i is in (L^ g)' and, since g is an Hilbert space, there exists a function S g 
such that ||/^||2 < p{R) Pll(ffi. 2 )/ and {i,g) = Jj^f^gdp for all g G g. 

In order to define the function / which represents the functional i, let 

f{x) = f<{x) if xGi?i, 


where are the sets defined by (13.1911 . First we observe that this definition makes sense. 

It remains to prove that / G BMOi and that if = i. For each admissible set R, there exists a set 
R^ such that R C R^. For all function g g we have that 


[ f9dp= {i,9), 
Jr 


and then the restriction of / on i? is equal to f^. In particular it follows that 


1 


p{R) 


1 


< 


II/' 


piR)' 

< p{R)-^ P{R)^^^ \\f% 
<C\\i\\. 


This shows that / G BMOi and that ||/||bmOi < C P||, as required. 


From Corollary 13.241 and Theorem 13.281 the following result follows immediately. 

Corollary 3.29 For all p G [l,oo), BMOp = BMOi cmd norms \\-\\bmOp || • ||bmOi are equivalent. 

Definition 3.30 IFe denote by BMO the space BMO = BMOp, for all p G [l,oo) and by || • ||_bmo the 
norm || • ||_bmOi which is equivalent to || • WsMOp, for all p G (l,oo). 


3.4 The CZ decomposition in the product case 

Let S = S” X S” be the direct product of two Damek-Ricci spaces. In this section we shall prove that 
(S', p, dmax) is a Calderon-Zygmund space: we shall generalize the results which we proved in Section [3?^ 
in the nonproduct case to the product case. This is a natural and simple generalization, except for the 
proof of Lemma 13.351 below. 

We first define admissible sets as products of admissible sets in S' and S" . We start from big admissible 


sets. 
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Definition 3.31 A big admissible set in S is a set of the form R' x R", where R' and R" are big 
admissible sets in S' and S" of the form 


= Qa ^ “o aiid R” = X (a'o'/r, Og r ), 
where Qjf and are dyadic sets in N' and N" respectively (see Theorem \2.4^ , 

ao/V<ry''=<a'gl/V^ 

and P is a constant greater than max{3/2, 1/4 + log 77 ', 1/4 + log?]", 1 + log (cg/c/^f ), 1 + log(c' 37 c'j^)} . 
We now investigate some geometric properties of big admissible sets. 


Proposition 3.32 Let R denote the big admissible set R' x R". The following hold: 

(i) R C C logr); 

(ii) there exist constants cn',n",Cn',n" such that 

p{R)> cn ’, n " log^r; 

p{R) < Cn',n" log^r; 


(Hi) let R* be the set {x £ S : 


dmax{x, R) < logr}; there exists a constant C* such that 


p{R*)<C*p{R). 


Proof. Recall that by Proposition 13.121 

RC Bs'{{nJf,a'Q),CN',p logr) x Bs" {{n'p\a'(),CN" ,p logr) , 

and (i) follows. 

Property (ii) is an immediate consequence of Proposition 13.121 
To prove (iii) note that 

R* = {x' e s' : ds'{x',R') < logr} x {x" £ S" : ds"{x",R") < logr} 

= (i?')* X (^")* • 

Again (iii) follows by Proposition 13.121 ■ 


We observe that most big admissible sets may be split up in a finite number of mutually disjoint smaller 
subsets which are still admissible. More precisely the following lemma holds. 


Lemma 3.33 Let R denote the big admissible set R' x R". 

Let 77 ', 7]" , M ', M" , 77,7 I I ctv' , cn" , Cn' , Cn" be as in Theorem\2.4\ The following hold: 


(i) if either T]'^ ^ > CL^^'^r^ or rj"^ ^ then there exist J mutually disjoint big admissible sets 

Ri ,..., Rj such that 2 < J < M'M", R — UiLi Bi o.nd 

{cN'/iv'CNPY"^' {cN"/{p'CN")f'^" p{R) < pm < p(R) I = 1,..., J; 
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(a) if r]'^ ^ < aQ^'^r^ and r('^ ^ and r > , then there exist four disjoint big admissible sets 

i?i, such that R = ljt=i p{Ri) = p(-^)/4; for i = 1, 

(Hi) if and 77 "^“^ < and r < d, then there exists a constant aN',N",p such that 

,aQ){ny ,00),!) CRC Oq), a'p), ctjv'.at"./ s) • 

Proof. To prove this lemma it suffices to apply Lemma [3. 141 to the admissible sets R' and R”. ■ 


For later developments it is useful to distinguish between big admissible sets that satisfy condition (i) 
or (ii) in Lemma |3. 331 which may be split up in a finite number of smaller big admissible sets, and big 
admissible sets that satisfy condition (iii) in Lemma 13.331 which cannot be split up in that way. 


Definition 3.34 A big admissible setR — x (og/r, Oqt) x (og/r, ao/,r) is said to be divisible 

if either 77 '^“^ > or or r > e^. 

q2 


A big admissible set is said to be nondivisible if ^ < aQ^'^r^, 77 "^ ^ < d 


"1/2j,/ 3 r < e^ 


Next we show that there exists a partition of S which consists of big admissible sets whose measure is as 
large as needed. The proof of this fact, as we will see below, is not a simple generalization of the proof 
of the analogue result in the nonproduct case. 


Lemma 3.35 For all a > 0 there exists a partition of S which consists of big admissible sets whose 
measure is > a. 


Proof. The proof of this lemma is quite technical. The idea is to fix a number a > 1 large enough and 
define a partition of in “squares of size for n > 0. Then we consider the product of each 

“square” of with dyadic sets in N' x N" of suitable size, to obtain admissible sets in S. 

We first introduce some more notation. Given an interval I = (b, c) in R’*' we denote by the 
interval (1/c, 1/6). Given a “square” E = ( 6 ', c') x ( 6 ", c") in R^ we denote by E the “transposed square” 
( 6 ",c") X ( 6 ',c'). 

Now we define a partition of R^ step by step. 

The first step is to split up (1/a^, a^) x (1/a^, a^) in 16 “squares” of the form (a'/r, a' r) x {a" jr, a” r), 
where r = y/a and o', a" G r^]. To do it set Ig = (1, a) and /i = (a, a?) and consider L x Ij, liX Ij , 
If' X Ij and 1/ X IJ, with i,j = 0,1. 

As a second step, we set /g = (l,a^), h = (a^,a'^) and /_i = //. Then we consider sets E of the 
form Ii X /g, Ii X Iff ^ Ii X /j, with f, j = 1, —1 and their transposed sets E. We obtain 12 sets of the type 
(a'/r,a' r) x (a"/r,a" r), where r = a and o', a" G [r“^,r^]. 

Now suppose we have defined a partition of (1/a^”, a^”) in squares of the type (a'/r, a' r) x {a" jr, a” r) 
such that r = \ < u — 1, and a', a" G [r“^, r^]. We define Ig = (l,a^"), Ii = and 

/_! = //. We consider sets E of the form Ii x Iq, C x Iq , R x Ij, wth i,j = 1,-1 and their transposed 
sets E. These are 12 sets of the type {a'/r,a' r) x {a"/r,a" r), where r = ^ and a', a" = [r“^,r^]. 

If we collect all the sets defined above, then we obtain a partition of R^. 

Now for each square of the partition E = {a'/r, a' r) x {a"/r, a" r), with r > yja and a!, a" G [r“^, r^], 
we choose two integers k and I such that 

a'^/^rP <g^ <a'^/^r^P , 
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The sets Qj^ x ^ x E give a partition of N' x N" x E in big admissible sets whose measure is greater 
than 

a'Q gi'Q j,2/3(Q +Q ) ^jQgj,^2 ^ J.-HQ +Q ) j.2/3{Q +Q ) Qogr)^ 

> a(/3-3/2)(Q'+Q") 2/4 log2 Q 

> 0 -, 


if a is sufficently large. 

Thus we have defined a partition of S in big amissible sets whose measure is greater than a. ■ 

We now define small admissible sets. 

A small admissible set is a ball with radius < 1/2. More precisely small admissible sets are sets of 
the family 77.° which we defined in Section 

Before proving the main result of this section, we prove a geometric lemma concerning intersection 
properties between balls and big nondivisible sets. 

Lemma 3.36 Let B be a ball of radius 1/2 < R < 7 / 2 . Let {Fi}i be a family of mutually disjoint 
nondivisible big admissible sets. Then: 

(i) if then there exists a constant C such that 

p{B)>Cp{Fe); 

(a) there exists a constant L such that the ball B intersects at most L sets of the family . 

Proof. The ball B is equal to the product B' x B" of two balls in S' and S" and each set Ff, is the 
product Fj X F'f of two big nondivible sets in S' and S" respectively. It suffices to apply Lemma 13.171 to 
the ball B' and the family {A/} and to the ball B" and the family {F"}. ■ 


Theorem 3.37 Let S = S' x S" be the product of two Damek-Ricci spaces. The space {S, p,dmax) is a 
Calderon-Zygmund space. 

Proof. The proof is almost verbatim the same as the proof of Theorem l3.18l we just need to use Lemma 
13.351 and Lemma 13.361 in place of Lemma 13.161 and Lemma 13.171 ■ 
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Chapter 4 


Spectral multipliers for the 
Laplacian A 


In this chapter we introduce a distinguished left invariant Laplacian A on a Damek-Ricci space S which is essentially 
selfadjoint on L^(p). Then we study spectral multipliers for A. 

Specifically we prove that if a bounded measurable function M on R"*" satisfies a Mihlin-Hormander condition both at 
infinity and locally, then the operator M(A) is bounded from L^{p) to L^’°°(p) and on LP{p), for 1 < p < oo. 

The strategy of the proof, which is similar to that of |371 Theorem 2.4], is to show that M(A) may be realized as a 
singular integral operator, and that such operators are bounded from L^{p) to L^’°°(p) and on L‘P{p), for 1 < p < oo. 

In Section 14.31 we consider a left invariant Laplacian A on the product of two Damek-Ricci spaces S = S' x S": we 
prove a multiplier theorem for A which is analogue to the theorem which holds in the nonproduct case. 


4.1 The Laplacian A 

Let S be the harmonic extension of an iL-type group N. 

Let Eq, En-i be an orthonormal basis of the algebra s such that Eq = H, Ei,Ejn„ is an 
orthonormal basis of 0 and Em^+i,---, En-i is an orthonormal basis of 3 . Let Xq, Xi,Xn-i be the 
left invariant vector fields on S which agree with Eq^Ei, E^-i at the identity. Let A be the operator 
defined by 

n —1 




i=0 


The Laplacian A is left invariant and essentially selfadjoint on C^{S) C L^{p). Therefore there exists a 
spectral resolution E^ of the identity for which 

poo 

A/= / tdEAit)f V/eDom(A). 

Jo 

By the spectral theorem, for each bounded measurable function M on K+ the operator M(A) defined by 

poo 

M{A)f= M{t)dEA{t)f yfeL^{p), 

Jo 

is bounded on L^{p); M{A) is called the spectral operator associated to the spectral multiplier M. 
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A classical problem is to find conditions on M which ensure that M{A) extends to a bounded operator 
from L^{p) to the Lorentz space L^’°°{p) and on LP{p), for 1 < p < oo. In this case we say that M is a 
LP{p) spectral multiplier for A. 

To solve this problem it is useful to consider the relationship between the Laplacian A and the 
Laplace-Beltrami operator C on S. 

More precisely, let Cq denote the shifted operator C — it is known [71 Proposition 2] that 

S-^/^Ad^^^f = CQf, (4.1) 

for all smooth compactly supported radial functions / on S. 

The spectra of Cq on L^{X) and A on L'^{p) are [0, +oo). Let Ecq and Aa be the spectral resolution of 
the identity for which 

^+oo ^+oo 

Cq= t dEcQit) and ^ = / t dE^it). 

Jo Jo 

For each bounded measurable function M on R+ the operators M{Cq) and M(A), spectrally defined by 

r+ao r+oa 

M{Cq)= / M{t)dEcQ{t) and M(A) = / M{t)dE/^{t), 

Jo Jo 

are bounded on T^(A) and L‘^{p) respectively. By (j4.1l) and the spectral theorem, we see that 

S-^/^MiA)d^/^f = MiCQ)f, 
for smooth compactly supported radial functions / on S. 

Let kM(A) and kM(CQ) denote the convolution kernels of M{A) and M{Cq) respectively; then 
M{CQ)f = f*kMiCQ) and M(A)/= / * fcM(A) V/gC“( 5), 
where * denotes the convolution on S. 

Proposition 4.1 Let M be a bounded measurable function on R.'*'. Then kM{CQ) *5 radial and fcM(A) = 
<51/2 

kM(CQ)- Tke spherical transform of kM{CQ) 

JikM(CQ){s) = M{s'^) Vs G R+ . 

Proof. See |7], |3]. ■ 


4.2 The multiplier theorem 

In this section we formulate our main result about spectral multipliers for the Laplacian A. We need 
some more notation. 

Let M be a bounded measurable function on R+. We denote by Km(a) the integral kernel of the 
operator M (A) defined by 


KM(A){x,y) = kM(A){y ^x)S{y) \/x,yGS. 


4.2. THE MULTIPLIER THEOREM 


71 


The reason for this definition is that if the convolution kernel kM(A) is smooth, then 

M{A)f{x)= f KM{A){x,y) f{y)dp{y) 

Js 


Note that 


Thus, 


= f*kM(A){x) V/gC“(5) VxGS. 


f*kM(A){x)= / fixy ^)kM{A)iy)dp{y) 

Js 

= [ f{xy)kMiA){y~^)S{y)dp{y) 

Js 

= f KMiA) {x, y) fiy) dpiy) V/ G (S) Vx G 5. 
Js 


KM(A){x,y) = kM(A){y ^x)5{y) \/x,y G S . 

Now let tp he a function in C'“(]R''"), supported in [1/4,4], such that 

^V'(2”^A) = 1 VAgM+. 

jGZ 

We define ||M||o,s and ||M||oo,s thus: 


(4.2) 


\\M\\o,s = sup \\M{t-) ■/'(OIIhTR) > 
i<l 

||M||oo.s = sup \\M{t-) ■/'(OIIhTR) > 

i>l 


where H^{M.) denotes the L^-Sobolev space of order s on K., i.e. the space of all measurable functions / 
on K. such that 


^ \m\^ (1 + len*/" de) < oo. 


Definition 4.2 We say that a bounded measurable funetion M defined on K.’*' satisfies a mixed Mihlin- 
Hormander condition of order (sq, Soo) if ||A7||o,so < oo and ||A7||oo,Soo < oo. 


The next result, which is the main contribution of this chapter, gives a sufficient condition of Mihlin- 
Hormander type for spectral multipliers of the Laplacian A to be bounded from L^{p) to L^’°°{p) and 
on LP{p), for 1 < p < oo. 

Theorem 4.3 Let S be a Damek-Ricci space. Suppose that sq > | and Sao > max{|,^}, where n 
denotes the dimension of S. If M satisfies a mixed Mihlin-Hormander condition of order (so,Soo); then 
M(A) extends to a bounded operator from L^{p) to L^'°°{p) and on LP{p), for all p in (l,oo). 

Sketch of the proof. Let e: be such that sq > | + £ and Soo > max {§,§}+£■ We split up the proof 
into three steps. 

Step 1. Let m be in H^°{'R) fl supported in [1/4,4]. We shall prove that there exists a 

constant C such that the integral kernel ifm(tA) satisfies the following estimate: 



{ tA ){ x , y)\{l + t ^/'^d{x,y)Y dp{x) < 


C'||m||//so(R) VtG[l,oo) 

C\\m\\ VtG(0,l) VyGS. 


(4.3) 
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Step 2. Let m and 77rn(iA) be as in Step 1. Then there exists a constant C such that 


\Km(tA){x,y) - K^^t^){x,z)\dp{x) 


Ct ^/‘^d{y,z)\\m\\H‘‘ 0 {R) VtG[l,oo) 
Ct-^/'^d{y, z) ||m||//.oo(B) Vt G (0,1) 


\/y,z€ S. 


(4.4) 


The proof of (14.411 hinges on an L^-estimate of the gradient of the heat kernel associated to the Laplacian 

A. 

Step 3. We show how Step 1 and Step 2 imply the conclusion of the theorem. Let M be as in the 
statement of the theorem. Define 


TOj(A) = M(2^A)i/'(A) VjGZ VAgM+, 
where ^ is as in (1121). We observe that, at least formally, 

M(A)=^m,(2-^A). 

jGZ 


Since each function mj is supported in [1/4,4] we may apply estimates (14.31) and (14.411 to rrij and t = 2 ^, 
to obtain that 

f ■/, fc Iloilo so Vj<0 

\Km^( 2 -i(A){x,y)\{I + ‘2^^^d{x,y)y dp{x) < < ’ (4.5) 

[C\\M\\^^,^ Vj>0 Wyes, 

and 


\K„ 


{2-i (A) ix,y)- K^. (2-j (A) ix,z)\ dp{x) 


C2^/^d{y,z)\\M\\o,so Vj<0 
C2^/2d(j/,z)||M|U,s» Vj>0 yy,zeS. 


(4.6) 


Then by R.emark l3.3l the operator M(A) satisfies the hypotheses of Theorem l3.21 then it is bounded from 
L^{p) to L^’°°{p), on LP{p) for all p in (1,2] and, by duality, for all p in [2,oo). 

To conclude the proof of the theorem, we need to give full details of Step 1 and Step 2. This will be 
done in Subsections 14.2.11 and 14.2.21 below respectively. 


4.2.1 Step 1 

The proof of (14.311 is based on some technical lemmata and follows m- The weight function w on S 
defined by 

w{x) =6-^^‘^ix)e^‘^^^x)/2 yx€S, 

will play an important role in the sequel. 


Lemma 4.4 There exists a constant C such that the following hold: 

Cr"^ Vr G [1, oo) 

Cr” VrG(0,l); 


(^) ^bp< 
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(ii) for every compactly supported function f on R+ 


/ \kf(A)\^wdp<C{l + r) f \kf(^A)\^dp. 
Jb^ jb^ 


Proof. If r < 1, then 


If r > 1, then by Lemma [1.121 


[ w-^ dp < C p{Br) < C r^ . 

JBr- 

[ W-^dp= [ 

JBr JBr 

= [ A{t)dt, 

Jo 

which, by (EZl) and (lESl), is bounded above by 

pT / \ Th _ 1 

Cy (l + t)e-«‘/2e-«‘/2(^) e«‘dt 


<Cr\ 


This concludes the proof of (i). 

To prove (ii), let / be compactly supported on R+ and let fc/(£Q) denote the convolution kernel of 
the operator /(£q). By ProDOsition l4.ll fcj(A) = 

We split up the ball Br into the annuli Ar = {x € S : i?—1< d{x, e) < i?}, i? = 1,..., [r] and 
Cr = {x € S : [r] < d{x, e) < r} and estimate the integral of \k\^ w on Ar and Cr separately. 

By Lemma ri.121 

f \kf{A)\^w dp= f 

j Ar Ar 

MO |fc/(£Q)WPe'5‘/M(t) dt, 

which, by (HZD, is bounded above by 

Cf (1 +t) |fc/(£Q)(t)|M(t)dt 

JR-l 

<C(l + r) [ Mcq)\MX 
J Ar 

= C(l + r) [ |fc/(A)Pdp. (4.7) 

Ar 

The proof of the estimate 

/ \kf(A)\^wdp<C{l + r) f |fc/(A)pdp (4.8) 

JCr JCr 

is similar and is omitted. Now (ii) follows immediately from (03) and 03). ■ 



Our main purpose is to prove an L^-estimate for the convolution kernel of a multiplier of the Laplacian 
A. The following result gives an estimate of this type in a particular case. 
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Lemma 4.5 Let f be an even function on K such that its Fourier transform f is supported in [—r, r]. 
Then satisfies the following estimate: 


I^/(Va)Mp< 


(^^3/2( |/(s)|2 (s2 + s"-l) ds) 


Vr G (0,1) 
Vr G [1, oo). 


Proof. Let denote the convolution kernel of the operator /(a/ZIq)- By ProDOsition l4.ll = 

(5^/^ and = fiy/s^) = f{s) for all s G K'*'. The hypothesis that the Fourier 

transform of / is contained in [—r, r] implies that is supported in the ball B^. 

By Holder’s inequality we obtain that 

/ |fc/(VA)|dp= [ \kf(^^)\w^/‘^w-^/‘^dp 
J S J Br 

~^Ib ^ ijg ' ■ (4-9) 

By Lemma 14.41 (ii) we have that 

= C(l + r)V2(y^ |/(s)Hc(s)|-2ds) 

< C (1 + r)i/^ ( |/(s)p ds) . 

Here we have used Plancherel formula and estimate m for the Plancherel measure. Thus, by (gH) and 
Lemma 1131 (i) we deduce that 


I^/(Va)Mp< 


(Jj,3/2 ^ J°° |/(s)|2 (s2 _p gn-l) ds) 


Vr G (0,1) 
Vr G [1, oo), 


as required. 


The previous result gives a good estimate for the L^-norm of the kernel of a multiplier whose Fourier 
transform has compact support. Next lemma shows that every function / supported in [1/2,2] may be 
written as sum of functions whose Fourier transform has compact support (for the proof see |36l Lemma 
1.3]). 


Lemma 4.6 Let q and Q be real numbers such that 0 < q < Q and f be a function in H^(U.) supported 
in [1/2, 2]. Then there exist even functions fe, £ > 0, such that 

(i) f = Efco/^; 

(ii) snpp{fe) C [-2^2^]; 

ir + s^'5)ds < ||/||ff'*(B) • 

Let ft denote the dilated of f defined by /((•) = /(/•). Then 
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(i’) ft = Y.e ht, where = Mt') 

(ii’) supp(//?,t) C [-2h,2H]-, 


(iii’) ir \ht{s)\^ + s2'^)ds < 


Ct-Ol+l) 

Ci-(2Q+i)2-2«^||/||ff.(R) 


yt G [1, oo) 
Vi G (0,1). 


Proof, (of estimate (|4.3|i l First we observe that 

f \KmitA){x,y)\ {I + t~^/^d{x,y)y dp{x) 

Js 

= f \kni{tA){y~^ x)\s{y) {l + t~'^/'^d{y~'^ x)Y dp{x) 

= [ \km{tA){x)\{l + t~^^‘^d{x,e)Y dp{x) ^y G S . 

Js 

Now it suffices to define /(s) = m{sY for all s G K'*'. The function / is supported in [1/2,2] and the 
operator m{tA) agrees with the operator By applying Lemma [4.61 with q = 1 and Q = 

(n — l)/2, we find functions /f_ti /2 such that = T,e and supp(/<,_ti/ 2 ) C [-2^/'^,2^'^^'^]. 

Then we can apply Lemma 14.51 to each function fe^t ^/2 and sum these estimates up. We distinguish the 
cases i > 1 and i < 1. 

Case t < 1. In this case the quantity is > 1 if f > (1/2) log(l/i) and < 1 otherwise. By 

applying again Lemma 14.51 we have that 

/ 1^/^ ^i/ 2 (\/a)(^)I (1 + t~^^^d{x, e)Y dp{x) 

J S ’ 

= / \kf ,^){x)\{l + t-^/‘^d{x,e)Y dp{x) 

JB{e,2‘tG2) > 

< C (1 + (2^il/2)max{3/2,n/2} j' ^ \fptl/ 2 {s)\^ {s^ + s"-^) ds) , 

which by Lemma 14.61 fiii’l is bounded above by 

<(^2dmax{3/2.n/2}+£-s„„) . 

If we sum over £ > 0 we obtain that 

[ \km{tA)ix)\{l + t~^^^d{x,e)Y dp{x) = f \k^^^^^ 2 ^){x)\ {l + r^^^^dix, e)Y dp{x) 

J S J s 


\H^ 

2\ 


= C\\mY)\\H^ 

< C||m||//.oo(R) VtG(0,1), 

since Soo > max{3/2, n/2} + e. 

Case t>\. By arguing very much as in the case where t < 1, we obtain that 
[ \km{tA)ix)\ (l + t~^^^d{x, e)Y dp{x) < C ||m||//«o(R) , 


as required. 
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4.2.2 Step 2 

To prove 631 ) we define /i(s) = m{s)e ® for all s G R. An easy calculation shows that 

fcm(iA) = ht* fc^(tA) Vt G R’*’ , 

and 

Km{tA)ix,y) = / A:^(tA)(a:,'«)tift('«,2/)dp(u) yx,y G S. (4.10) 

JS 

where ht and Ht denote the convolution and integral heat kernels associated to the Laplacian A, respec¬ 
tively. This fact is useful to prove the following proposition. 

Proposition 4.7 There exists a constant C such that 


\K7n(tA){x,y) - Km(tA)ix,z)\dp{x) < 


Cd{y,z) ||TO||ff«o(R) ||V/it||ii(p) Vt G [l,oo) 
Cd{y,z) || to || h . oo ( r ) ||V/it||Li(p) Vt G (0,1). 


Proof. By (|4.10l) we have that for all y,z in S 

/ \Km(tA){x,y) - K^(^tA){x,z)\dp{x) 

Js 

< J^\Ht{u,y) - Ht{u,z)\ (^J^\Kij_(^tA){x,u)\dp{x)^ dp{u) 

= l|fcM(tA)||Li(p) / \Ht{u,y) - Htiu,z)\dp{u). 

Js 


(4.11) 


By applying (14.31) to the operator p{tA) we obtain that 

Pp(tA)||Li(p) ^ 


< 


C'||Mllff''o(R) VtG[l,oo) 
C ||/r||/i-«oo(R) Vt G (0,1) 

C'||to||//<^o(r) VtG[l,oo) 
C'||TO||i/-c=o(H) VtG(0,l). 


(4.12) 


Since the operator e“ is symmetric, Ht{u,y) = Ht{y,u) for all u,y G S. Thus 


\Ht{u,y) - Ht{u,z)\dp{u) = [ \Ht{y,u) - Ht{z,u)\dp{u) 

Js 

= / \ht{uv) - ht{u)\dp{u), 

Js 


(4.13) 


where v = z ^y. Let 7 : [0,1] —>■ S' be a curve in S such that 7 ( 0 ) = e, 7 ( 1 ) = v and | 7 (cr)| = d{v, e) for 
all a G [0,1]. Then 

ht{uv) - ht{u) = ht{uj{l)) - ht{uj{0)) 

-f- 

./n dr 


htipi'yir)) da 

= / (V/lt(u7(cr)),7(cr)).^(,^) dcr, 
do 
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where the gradient and the inner product are calculated with respect to the Riemannian structure of S. 
Therefore 

\ht{uv) - ht{u)\< [ | 7 (cr)| |V/it(u 7 (tT))| do- 
Jo 

<d{v,e) I |V/it(u 7 (cr))| da . 

Jo 

By using this estimate and (14.131) we obtain that 

/ \Ht{y,u) - Ht{z,u)\dp{u) = / \ht{uv) - ht{u)\dp{u) 

Js Js 

<d{v,e) [ [ \Vht{uj{a))\ d<7dp{u) 

Js Jo 

= d{y,z) f \Vhtiu)\dp{u). (4.14) 

Js 

By combining (I4.11L (14.1211 and (I4.14|) we obtain the required estimate. ■ 

To conclude the proof of (14.41) it suffices to prove the following L^-estimate of the gradient of the heat 
kernel ht. 

Proposition 4.8 There exists a constant C such that 

[ |V/it|dp< vtGR+. 

Js 

Before proving ProDOsition l4.81 we need some technical results which are contained in Lemma l4.91 Lemma 
14.101 and Lemma [4. Ill 

For all a; in S' define |a;| = d{x,e) and ChQ(a;) = cosh“‘^(|a;|/2). 

Let ht and qt denote the heat kernels associated to the operators A and Cq, respectively. By Propo¬ 
sition ht = Qt and T-Lqt{s) = e“*'* = Th^{s) for all s G M+, where /if denotes the heat kernel on 
R. Then, 


ht{x) = 5^/'^{x){A ^oT (J'/if)(|a;|) 

= 5^/'^{x) A~^{h^){\x\) VxGS. 


(4.15) 


In the following lemma we recall various estimates of /if and its derivatives (see [H Proposition 5.22]). 
Lemma 4.9 For all r in M’*' and t in R’*' the following hold: 

(i) for all integer j > 1, there exists a constant C, independent oft and r, such that 

Ahfir)<Cp/^hlir)-, 


(a) let T>i and (D 2 be the differential operators defined by 


V Id 

^ sinhr dr ’ 


Vo= - 


d 


sinh(r/2) dr 


p+q 


Vl Vl (/if )(r) = ^ t ^ aj (r) /if (r), 


For all integer p,q > 0 
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where 

aj{r) = cosh“^^^^‘^^(r/2) {ajC + fj{r)) , 
fj, /j are bounded functions ott. R+ and Uj are constants. 

In the two next lemmata we prove various integral estimates, which we need in the proof of Proposition 

HU 


Lemma 4.10 For all i = 0, ...,n — 1 the following hold: 

r*; 1 ^.( 1 - 1)1 < 1 ; 

(a) Jgh 2 t{\{x)\)\Xi(^S^/‘^ Ch.Q){x)\dp{x) < Ct~^^'^ Vt S 1R+; 

(Hi) t~^ Jgc ChQ(a;) hf (|x|) dp(a;) < C Vt £ R+ . 

Proof. For the proof of (i) see m- 

To prove (ii), recall that 5^^'^{{X,Z,a)) = and, by p.lll 

ChQ{{X,Z,a)) =2^0^/^ [(a + l + |X|V4)2 + |Z|2]■^/^ 

Thus 

((51/2 chQ)((X,Z,a)) =2'3 [(a + l + |X|2/4)2 + |Z|2]-^/2. 


By deriving along the vector field Xq we obtain that 


Xo((5i/2ChQ)(X,Z,a)| < C 
< C 


a(a+l + |X|2/4) 

[(a + l + |X|V4)2 + |Z|2]^/"+i 
a(a+l + |X|2/4 )-Q-i 

[l + (a + l + |X|2/4)-2|Z|2]'5/2+i 


Since = Ct 1/2 e ’'^/®* and | loga| < |(X, Z,a)\, we have that 

[ hl{\iX,Z,a)\)\Xo{S^/^ChQ){X,Z,a)\dp{X,Z,a) 

Js 


<Ct 


-1 


e 


a(a + l + |X|2/4) 


2/45-Q-i 


a 1 dX dZ da , 


/R+ 


In [i + (a+l + |X|2/4)-2|Z|2] 


-2 I 7121Q/2+1 


which, changing variables ((a + l + |X|2/4) ^ Z = W), transforms into 


Cf-i / ae"^^^ /(a + lT |X|2/4 )-^-i-™MX [ 

V]R+ Jv t/3 


dtp 


(1 + |IF|2)Q/2+l 


da 


<ct-^ 
= ct-^ 


/ e"^^^ /(a + l +|X|2/4)-™'’/2-idXda 

/]R+ J X) 

. (logop 


f e-T (a + i)-™»/2-i f(l + {a + l)-i/2|X|2/4)-™»/2-i dXda 

t/]R+ J X> 


= Cr^ / e-^^^(a + l)-i / (l + |X|2/4)-’"”/2-idXda 

c/lR+ J D 


<Ct 


-1 


-iiSSJill _i , 
e »* a da. 


/R+ 
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The last integral, changing variables (logo = s), transforms into 

cr^ [ e-"'/®‘ds 

Jr 


as required. The proof of (ii) for i = 1 is similar and omitted. 

To Drove ('hi'), we use Lemmall.l2land annlv (11.71) and (Ha): 


t ^ f ChQ(a;) hf (|x|) dp(a::) < Ct f 0o(?') cosh ‘^(r/2)e A(r) dr 

JBf Jl 


< C <-3/2 j r e-«"/2 e-0’'/2 e-’''/^* e^’' dr 

/ OO 

re-’''/^* dr 


as required. 


Lemma 4.11 Let Fi be the function defined by Fi{s) = (ai s + /i(s)) hf{s) for all s in 
and fi are as in Lemma Set 


', where ai 


/ OO 

Fi (2 arc cosh(cosh(r/2)u) 

The following hold: 

(i) |/(r, <)| < Ct^/^ hfj(r) V< G R"*" VrG[l,oo); 

(ii) \I'{r,t) < C hf{r) V< G M'*' VrG[l,oo). 

Proof. First we observe that by Lemma |33](i) and (ii), 

\F,{s)\<Cshf{s) 

< (s), 


dr 


'jQy/2v^ - 2 ■ 


and 


\F[is)\<C{l + s/2t)hfis) 
<Chf{s). 


\Iir,t)\<Cfi/^hlir) 


dr 


IjQ ^ 


<C<i/2 h«(r). 


We now prove (i): 
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as required. 

To prove (ii), note that 


\I'ir,t)\ < f |F{(2arccosh(cosh(r/2)r;))| — sinh(r/2)u ^^ -- 

•^1 2^cosL^{rl2)v^-l 


<Ch^{r)j° 


di; 


— 1 


as required. 


Now we may prove the L^-estimate of the gradient of the heat kernel ht given in Proposition 14.81 

Proof. Let qt denote the heat kernel associated to the operator Cq. By Proposition l4.ll ht = 5^/'^ qt 
so that 

\Vht\<C5^l^{\qt\ + \Vqt\) VteR+. 

It is well known ([H Theorem 5.9], [U Corollary 5.49]) that qt is radial and 

1 + bK("-3)/2 


\qt{x)\<Ct-^{l + \x\)[l + ^^) 


|Vgt(a:)| < Ct ^ |a;| 
Our purpose is to estimate 


1 + 


1 + |x|\("-l)/2 


t 


-Q\^\/^hf{\x\) 

-QP\f^hf{\x\) VteR+ VxGS. (4.16) 


\\7ht\dp<C [ 6^/mqt\ + \Vqt\)dp 
Js 

nCO 

= C (l>o{r){\qt{r)\ + \Wqt{r)\)A{r)dr. 
Jo 


(4.17) 


We study the cases where t < 1 and t > 1 separately. 

Case t <1. In this case it suffices to use pointwise estimates (14.1611 of qt and its gradient in (14.1711 . 
Case t > 1. In this case, by using (|4.I6I1 in (I4.I7L we estimate the integral of |V/it| on the unit ball. 
The estimate on the complementary of the unit ball is more difficult. We already noticed (14.1511 that 

ht{x) = S^/^(x) {A-^ o J-i)(J'/if )(|a;|) = .^-^(/if )(|a;|). 

By the inverse formula for the Abel transform (11.1011 and (11.1111 we obtain that if TOj is even, then 

htix) = CS^/^x)V^^^^V^°/^{hf)i\x\), (4.18) 


while if ruj is odd, then 


poo 

ht{x) =C6^/‘^{x) / dj^(s), 

J\x\ 


(4.19) 


for all X in S. We now consider the cases where is even and odd separately. 

Case TOj even. By applying Lemma 14.91 (with q = m^/2 and p = mti/2) and formula (14.1811 we see 
that 

(n-l)/2 

htix) = Cd^^^{x) 

1=1 

(n-l)/2 

= CS^/^{x) 

1=1 
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Now we estimate the gradient of each summand 5^^^Hj. We study the cases j >2 and j = 1 separately. 
First suppose j >2 and i = 0,n — 1: 

= C S^/^x) H,{\x\,t) + H'i\x\,t) X,{\ ■ \)ix). 

Then, since \Xi{\ ■ |)| < 1 by Lemma 14.101 fib 

\X,{5^/^H,){x)\ < C5^/\x) {\H,{\x\,t)\ + |i^'(N,t)|) . 

By applying Lemma 14.91 we obtain that 

\Hj{r,t)\ + {\aj{r)\ + |a'(r)| + \aj{r)\ 

< Ct-^ + J) hfir) 

It follows that 

\Xi{S^/^Hj){x)\ < CS^/^{x)t~'^ai{\x\) hftilxl) 

< C h2t{x). 


Thus, 


/Bf 


\X,{5^/^H,){x)\dp{x) < J h2t{x)dpix) 

Vj > 2 1 = 0, ...,n —1. 


(4.20) 


If j = 1 and z = 0,..., n — 1 the estimate is more delicate. Indeed, by Lemma |4J] (ii) 

7Li(|a;|,t) = ChQ(a;) (oi |a;| + fi{\x\))hf{\x \), 

where ai and fi are as in Lemma 14.91 fiib Then we have that 

X,{S^/^Hi){x) = cHq) (ai |:e| + /i(|a;|)) 

+ 6^/^(x) ChQ(x)(ai + f[{\x\)) W(| • |)(x) hf (|a;|) 

+ (ai \x\^/2t + fi{\x\) \x\^/2t) Xi{\ ■ |)(a:) hf (|x|). 

By Lemma 14.91 (i) and Lemma 14.101 (ii), 

\Xi{S^/‘^Hi){x)\ < Ct~^ |Xi(d^/^ChQ)(a:)| |x| hf (|a;|) + CS^^'^{x) ChQ(a;)^l + ^f(|a;|) 

< |Xi((5i/2ChQ)(a:)| h^t(|(a;)| + C6'^^'^{x) ChQ(a;) hf (|a;|). 

Integrating on the complementary of the unit ball we obtain that 

f \X,{S~^/'^Hi){x)\dp{x) < f hft(|(a;)|) |Xi((5i/2ChQ)(a;)|dp(a;) 

JBl JBl 

+ Ct~^ [ (5^/^(a:) ChQ(x) hf (|a;|) dp(a;) 

JBi 

z = 0,...,B—1, 


( 4 . 21 ) 
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where we have used Lemma [4.91 fii') and (iii). If we sum the estimates (14.201) and (I4.2ip we obtain that 

„_1 (n-l)/2 

/ \Vhtix)\dpix)<cY, E / \X^i 6 ^^^H,)ix)\dpix) 

i=0 0 = 1 ■’Bi 

<ct-^/\ 

which concludes the proof in the case even. 

Case rrij odd. By applying Lemma l4.9l with q = (toj + l)/2 and p = mti/2 and (14.191) we obtain that 

^/2 


•• POO 

ht{x) = C 6^^'^{x) / aj{s) hf{s) diy{s) 

-'1^1 


i=i 

nj2 

= CS^^'^{x) Hj{\x\,t)- 

i=i 

We estimate the gradient of each summand 6^^'^Hj. 

For all 1 = 0,..., n — 1 and j > 1 we see that 

X,{S^/^Hj){x) = CS^/^{x)H,{\x\,t)+CS^/^{x)H'^{\x\,t)X,{\ ■ |)(x). 

Then, since |W(| • |)| < 1, 

\X,{S^/^H,){x)\ < CS^/^{x) (|i?,(N,t)| + |iF'(N,t)|) . 

We study the cases where j > 2 and j = 1 separately. 

First suppose j > 2. By integrating by parts we obtain that 


and 


POO 

Hj (r, t) = —2t~^ / ds {ajhf) (s) \/cosh s — cosh r ds , 
J r 


Hj{r,t) = -t ^ ( ds{ajh^){s) ^ ^inhrds ^ Vre[l,oo). 


By Lemma [4.91 ('il and (ii) 


\/ cosh s — cosh r 


|5s(a>f)(s)| < a'(s)-—Oj(s) hf{s) 


< C (1^ + S 

By using (14.231) in (14.221) we obtain that 

POO 

< C'di/2(a;)i-0+i)/2 / se-(‘3+i)-/2 /jR (g) 
J\x\ 

Since j > 2, so that the right hand side is bounded by 

POO 

CS^^'^{x)t~^ / ai(s) h2t(s) di^(s) < Ch 2 t{x). 
J\x\ 


(4.22) 


(4.23) 
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Thus 

[ \X,iS^/^H,){x)\dpix)<Ct-^/^ [ h2tix)dpix) 

JBf JBf 

Vj > 2 i = 0,...,n-l. (4.24) 

If j = 1 the estimate is more delicate. Note that 

poo 

Hi{r,t)=t~^ / ai(s)/if (s) di^(s) 

J r 
poo 

= t~^ / cosh“^^'''^^(s/2) (ais +/i(s))/if (s) di^(s) 

J r 

poo 

= t~^ / cosh“^‘^'''^^(s/2) Fi(s) dii(s) , (4-25) 

J r 

where Fi{s) = (ois + /i(s)) hf{s) and ai, /i are as in Lemma ITUl iiil. 

By changing variables (^u = cosh(s/2) cosh~^(r/2)^ the integral (I4.25|) transforms into 

pOO 

cosh“‘5(r/2) / fi(2arccosh(cosh(r/2)u) ^ 

Ji vQy/2v'^ — 2 

Set /(r,/) =/f“Fi(2arccosh(cosh(r/2)u) Thus 

Hi{r, t) = cosh“^(r/2) /(r, t). 

Then, for all / = 0,..., n — 1, 

X,iS^/^Hi){x) = /-I X,{S^/^ ChQ)ix) I{\x\,t) + S^/^{x) ChQ(x) I'i\x\,t) ^^(| • |)(a^) ■ 

From Lemma (i) and Lemma [4. Ill we obtain that 

\X,{6^/^Hi)ix)\ < t-^X,{S^/^ ChQ)(x)| \li\xlt)\+t-H^^^ ChQ(x) |/'(|a;|,t)| 

< h^ti\x\) |X,(,5i/2ChQ)(s)| + C/-1 (5^/2 ChQ{a;) /if (|s|). 

We now integrate the last expression on the complementary of the unit ball and apply Lemma 14.91 (ii) 
and (hi): 

[ |W(<5'/'Tfi)|dp< / hli\{x)\)\X,{S^/^ChQ){x)\dp{x) 


+ Ct^ i5^/^(a;) ChQ(a:)/if (|a;|) dp(a:) 

JBl 

Vi = 0,..., n — 1. 


(4.26) 


We put (14.241) and (14.261) together and conclude that 

1-1 n/2 


|V/it(x)| dp{x) <CY,^j \X,{5^/^H,){x)\dp{x) 

i=0 j=i 


as required. 
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This concludes the proof of Proposition 14.81 ■ 

The estimate (14.41) follows immediately from Propositions 14.71 and 14.81 

In the particular case of ax + &-groups we deduce from 631) and 631) a boundedness theorem for 
multipliers of A from H^ to L^{p) and from BMO to L°°{p). 

Theorem 4.12 Let S' = x R+ be an ax + b -group. Suppose that sq > f, and Soo > max{|, If 

M satisfies a mixed Mihlin-Hormander condition of order {sq,Soo), then M(A) is bounded from H^ to 
L^{p) and from BMO to L°°{p). 

Proof. It follows from Theorem 13.101 and Corollary 13.Ill ■ 


4.3 The product case 

Let S = S' X S" be the product of two Damek-Ricci spaces. Let i?g,..., and E'f,E'f„_j^ be 

orthonormal basis of s' and s", respectively. We denote by X' and X" the left invariant vector fields on 
S' and S", which agree with if' and E'J at the identity. We now consider the left invariant vector helds 
on S defined by 

{X'J){x',x")={X'J{-,x")){x'), 

iX''f )ix',x") = {X''f{x', ■))ix") V/ G Cr(S) . 

We denote by A the Laplacian A = — ~ ^ 114.11) 

Af{x',x") = {A'f{-,x"){x') + {A"fix', ■)ix") 

= r/^ix'){iC' - Q'y4)iS'-^/^fi-,x"))ix') 

+ S"^/\x'){i£" - •))(^") 

= S'^/^(x')S"^/^ix")(i£' - Q'^/4)id'-^^^6"-^/^fi-,x"))ix') 

+ S'^/^(x')S"^/^(x"){(£" - Q"y4)iS'-^/^S"-^/^f(x', ■))ix") 

= ^1/2 (£ _ (g'2 ^ g-i/2 j ^ 

Thus, A = (5^/^ £q where £q = £ — {Q'"^ + Q"^)/4. 

^-1-00 ^+oo 

= / tdEcQit) and tdE^{t) 

Jo Jo 

be the spectral resolutions of £q and A respectively. For all bounded measurable function M on [0, -foo) 
the operators 

^-1-00 ^-1-00 
M(£q) = / Mit)dEcQit) and M(A) = / Mit)dE/^it) 

Jo Jo 

are bounded on LJ{X) and respectively. By the spectral theorem we have that 


5-^/'^MiA)5^/^f = Mi£Q). 
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We denote by fc^(A) and kM(CQ) the distributional kernels of PI {A) and PI{£q) respectively; we have 
that 

M(CQ)f = f*kMiCQ) and M{A)f = f*kM(A) yfeC^{S), 

where * denotes the convolution on S. It is easy to check that kM(A) = S^^'^kM(CQ)- Moreover the 
spherical transform of kcQ is 

nkcQ (s', s") = M(s' 2 + s"2) Vs', s" e IR+ . 


Let M be a bounded measurable function on K+. Let Km(a) and kM(A) denote the integral kernel and 
the convolution kernel of the operator M (A) respectively. Our aim is to find sufficient conditions on M 
that ensure the boundedness of the operator PI{A) from L^{p) to and on L^ip), for 1 < p < oo. 


Theorem 4.13 Let S = S' x S" be the product of two Damek-Ricci spaces. Suppose that sq > 3 and 
Sea > max {3,^}, where n denotes the dimension of S. If PI satisfies a mixed Mihlin-Hormander 
condition of order (so,Soo), then M(A) is bounded from L^[p) to L^'°°{p) and on LP{p), for all p in 
(l,oo). 


Structure of the proof. The proof of this theorem follows the same line of the proof of Theorem 14.31 
Let e be such that sq > 3 + e and Soo > max {3, f } + £• 

Step 1. Suppose that m is in (R) fl (M) and is supported in [1/4,4]. Then the integral kernel 
Km(tA) satisfies the following estimate: 



{tA)(.x,y)\{l + t ^^'^d{x,y)y dp{x) < 


C ||m||//»o(R) 


Vt G [1, oo) 
Vt G (0,1) 


^y^S. 


(4.27) 


Step 2. Let m and illm(tA) be as in Step 1. Then 


l^m(tA)(a:,y) - K.ey,(t^){x,z)\ dp{x) 


Ct ^/^d(j/,z) |lm||//=o(R) 
Ct~^/'^d{y,z) ||m||//.oo(H) 


Vt G [1, oo) 
Vt G (0,1) 


(4.28) 

'iy,ze S. 


Step 3. This is verbatim the same as Step 3 in the proof of Theorem 14.31 and therefore is omitted. 
In the following subsections we go into details of Step 1 and Step 2. 


4.3.1 Step 1 

The weight function w defined by 

w{x',x") = {w' Ow")ix',x") = rl/ 2 ( 3 ./^^//)g[Q'd(T,e')+Q"d(^".e ")]/2 
will play an important role in the sequel. 

Lemma 4.14 There exists a constant C such that the following hold: 

Cr^ Vr G [1, oo) 


y{x',x") G s, 


(^) 


Cr” Vr G (0,1); 
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(a) for every compactly supported function f on ffi.'*' 

/ |fc/(A)|"u^dp<C'(l+r)2 f 

J Br J Br 

Proof. To prove (i) we note that 

f w~^ dp = f w'{x')dp'{x') ■ f w"{x") dp"{x"), 
J Br- J BL J B" 


and apply lemma 14^ 

To prove (ii) let / be compactly supported on K+ and denote by kf(CQ) the convolution kernel of the 
operator fiCq). We know that A:^(a) = ^RCq)- Now define A^i = {x' S S' : R' — 1 < d{x', e) < R' }, 
Ar" = {x" G S" : R" — 1 < d{x", e) < R" }, with i?', R" = 1,[r] and C' = {x' G S' : [r] < d{x', e) < 
r } and C" = {x" G S" : [r] < d{x", e) <r}. We split up the ball in Ar' x Arh, Ari x C", C' x Arh 
and C' X C" and estimate the integral of w. By Lemma [1.161 


' A. Tff X A. r 


|fc/(A)pU> dp 


[ x") kf^cQ)ix',x")\‘^ S-^^^{x', x") eQ'dU'.e)+Q"d{x",e )/2 

A r?/ X A Tj// 


' A^f xA^. 
rR' pR' 


JR'-l JR "-1 
which, by (HZD, is bounded above by 

j-R’ rR' 

< 


Mr') Mr") |fc/(z:«)(r', r")P e^' e^" A'(r') A"ir") dr' dr" . 


C f f {1 + r') {1 + r")\kf(CQ){r',r")\‘^ A'C) A"{r',r") dr'dr" 
jR'-l Jr"-1 

<C{l + rf [ \kficM<^>^ 

JA, 


' Ani’^Ar^n 


= C[l + rf j |fcy(A)Pdp. 

J Ant X A Dt! 


The proof of the estimates on Ari x C", C' x Arm and C' x C'f is similar and is omitted. The proof of 
(ii) is complete. ■ 


Our purpose is to prove an L^-estimate for the convolution kernel of a multiplier of the Laplacian A. 
The following result gives an estimate of this type in a particular case. 


Lemma 4.15 Let f be an even function on M such that its Fourier transform f is supported in [— r, r]. 
Then satisfies the following estimate: 


l^/(vA:)|dp 


< 


ir l/(\/s'2 + s"2)|2 (s'2 _|_ s'("' 1)) (s" 
Cr^iMM l/(Vs'2 +s"2)|2 (s'2 + s' (s" ^ 


2 +s" ("'-!)) ds' ds"y^^ 

+ s" (’^'-i))ds' ds'y^^ 


Vr < 1 
Vr > 1. 
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Proof. Let denote the convolution kernel of the operator We have that ^/(^) = 

^ ~ + s"^) for all (s', s") G . The hypothesis that the Fourier 

transform of / is contained in [—r, r] implies that is supported in the ball Br. 

By Holder’s inequality we obtain that 

/ \kf(VA)\<^P= [ 

J S ^ Br 


By Lemma 14.141 (ii) we have that 


< 


1/2 


{Jb ^ ' {Jb l^/(VA)P^dp) 


1/2 


{Jb 

<C{l + r){j' |A:^(VA)Pdp) 

o Bf 

=c(i + ’')(X ib(v^)t<i^' 


1/2 

1/2 


= C{l + r){J j |/(v^s^2"+^^)p|c(s'^)| ^c(s"^)| ^ds'ds"^ 

<C(l + r) 


1/2 


0 Jo 

OO pOO 


0 ^0 


I / ( \/s'2 + s"2 ) P (s'2 + s'"' -1) (s''2 + s''"" -1) ds' ds" 


1/2 


(4.29) 


Here we have used Plancherel formula and estimate (ll.8|l for the Plancherel measure. Thus, by (14.291) 
and Lemma 14.141 (i) we deduce that 


l^/(v/A)|dP 


< 


(J j.n/2^ |J(.^g' 2 _|_ g" 2)|2 (s 2 _|_ s (" ^))(s ^ + S ) ds'ds") Vr < 1 


>0 Jo 

Cr^(f^J^\f(\/V^~+~F^)l^(s^ + s("~^^)(s ^ + s ds'ds")^^^ Vr > 1 


1/2 


as required. 


The previous result gives a good estimate for the L^-norm of the kernel of a multiplier whose Fourier 
transform has compact support. Next lemma shows that every function / supported in [1/2,2] may be 
written as sum of functions whose Fourier transform has compact support. 


Lemma 4.16 Let q',q”,Q\Q” be real numbers such that Q < cf < Q' and Q < q” < Q" and f be 
a function in iJ®(]R) supported in [1/2,2]. Let fg and fi^t be as in Lemma (with q = q' + q", 
Q = Q' + Q"). Then 


fijric 


l/f(Vs'2 + s''2)l2 (s' 29' + s/2Q') (g//2," ^ s"2Q" ) < ^2-2*' ll/l]^f.(R) 


(^^J 


I / l/bt(v^ 
0 ^0 


S"2))|2 (g/2,' ^ ^,2Q') (^,,2," ^ s"^Q'')p,s'ds" 


C^-(2,'+2,"+2) 2 - 2 .£ Vt G [1, Oo) 

Ct-(2«'+2Q"+2) 2-2«^ l|/l|ff.(R) Vt G (0, 1). 
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Proof. By [Ml Lemma 1.3], ||/^||l 2 (r) <C2 ||/||ff-(R) and 


2^ 

< C ||/||l2(r) [2 ^(|a;| — 2)]Q'+'3 "+®+i ’ 


(4.30) 


for all X such that |a;| > 4. 

We now prove (i) by estimating the integrals on the set {(s',s") : |s'| < 4, |s"| < 4} and on its 

complementary separately. 


f ( |/^(^/+ s"2)p )ds'ds"<C f |/^(r)prdr 

Jo Jo Jo 


<C2 ||/||//<»(R) ■ 

The integral on the complementary of this set is estimated by using (I4.30p : 

noo noc 

/ / |/r(\/s'2+s"2)|2 ^ ^/2Q') ^ ^//2Q") 

JA Ja 

poo poo , ,, 

< / \hWs'^+s"^)? (1 + l(s',s")P) )cls'ds' 

Ja Ja 

/ oo 

\fe{r)\'^ {1 + rdr 

2J ! H 

<C'IIMIi2(R) [2^(^ _ 2)]2Q'+2Q"+2.+2 rdr 

/ OO 1 

<C2-"‘'II/IIh.(»). 


By combining (I4.3ip and (|4.32l) we obtain (i). 

Since /^, *(•) = (ii) follows easily by (i) and a simple change of variables. 


(4.31) 


(4.32) 


(4.33) 


We now prove estimate (14.2811 . 
Proof. First we observe that 


/ \Km(tA)ix,y)\{l + t ^/'^d{x,y)y dp{x) 

Js 

= [ \km(tA){x)\{l + t~'^^‘^d{x,e)Y dp{x) ^y G S. 

Js 


Now it suffices to define f{s) = m{s'^) for all s G R+. The function / is supported in [1/2,2] and 
the operator m{tA) agrees with the operator by spectral theory. By applying Lemma [4.161 

with q' = q" = 1, Q' = (n' — l)/2 and Q" = (n" — l)/2 we find functions fe^t ^/2 such that /(t^^^-) = 
S^/^.ti/a)-) and supp(/^ ti/2) C [—2^t^/^,2^t^/^]. So we can apply Lemma 14.151 to each function /^ (i/2 
and sum these estimates up. We treat the cases t > 1 and t < 1 separately. 
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Case t < 1. In this case the quantity is > 1 for £ > (1/2) log(l/t) and < 1 otherwise. By 

applying again Lemma 14.151 we have that 

/ I^/,^i/ 2 (Va)(^)I dp(x) 

J S ’ 

1 ^/ i/ 2 (Va)(^)I (1 + e))'" dp{x) 


JB(e,2^ii/2) 

<(7(1+ 2^ (•2^^1/2)max{3.n/2} . 


(i l + s"Y? {s'^ + s'"'-') (s"" + ds'ds") 


1/2 


which, by Lemma l+6l (iii’), is bounded above by 






Now we sum over £ > 0 and obtain that 


\km(tA)ix)\{l + t ^^^d{x,e)y dpix) = f |fc/(ti/ 2 ^)(a;)| (l + £ ^/^d{x,e)Y dp{x) 

J s 


< C ||/||_H-<==o(R) 

= C\\my)\\H^ 

< C ||m||/i-«oo(H 


V£ e ( 0 , 1 ) 


since Soo > max{3, n/2} + e. 

Case t > 1. In the same way as above by applying Lemma 14.151 we obtain that 
[ \km{tA){x)\ (l + r'^l'^dix, e))'" dp(x) < C ||m||//.o(R) , 


as required. 


4.3.2 Step 2 

By proceeding exactly as in Subsection 14. 2. 21 we see that to prove (14.281) it suffices to prove the following 
L^-estimate of the gradient of the heat kernel ht. 

Proposition 4.17 There exists a constant C such that 

[ |V/it|dp< (7£-i/2 V£gR+. 

Js 

Proof. It is easy to check that ht = h'l® h", where h't and h” denote the heat kernel on S' and S" 
respectively. Thus, 

x',ht = (x'X) ® K , 
x”ht = K ® (.x”K). 
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Now we integrate on S and apply Proposition 14.81 to h'f and h": 

[ \x'Mdp< ['\x',K\dp' /V'/|dp" 

Js Js Js 

/ \x:'ht\dp< f\h[\dp' /Vxidp" 

Js Js Js 

<ct-^/\ 


as required. 
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